
















































































































PROOF-ASSISTANTS US!NC DEPENOENT Tvre SYSTEMS 

(E) 

((-,-)) 

computation ru les: 

r f- A: Type r,x:A f- ip: Prop 

ff- i:;,,A.<p' Type 

ff- a, A ff- p, <p[a/x] ff- Ex,A.<p, Type 

r f- (a,p) 'Ex,A.<p 

ff- t, Ex,A.<p 

rt- 71"1 t: A 

ff-t, i:;x,A.<p 

r f- n,t' <p[n1 t/x] 

7r1{a,p}---+ a 
n2 (a,p)-+ p 

Figure 6: Rules for E-types 

of groups would be to also abstract over the carrier type, obtaining 

Group := EA:Type.E o :A---+A---+A.Ee:A.Einv:A---+A. 

1205 

(Tix, y, zA(x o y) oz = x o (yo z))ll 

(ITx:A.e ox= x)I\ 

(nx,A.Onv x) ox= e). 

This can be done by an easy extension of the rules, allowing to form Ex:A.B also 
for A: Type': 

(E') ff- A ' Type' r, x,A f- B , Type 

r f- Ex,A.B ' Type 

However, if we want the system to remain consistent, it is not possible to allow 
Ex:Type.B: Type. We must put Ex:Type.B: Type1

• This implies that Group: Type', 
which may not be desirable. 

We may observe that the E-type behaves very much like an existential quantifier. 
Apart from the fact that Ex:A.ip is not a proposition, but a type, we see that a 
(proof)term of type Ex:A .ip is constructed from a term a of type A for which i,c[a/x] 
holds. The other way around, from a (proof)term t of type Ex:A.ip one can construct 
the witness 11"1 t and the proof that for this witness ip holds. This very closely reflects 
the constructive interpretation of the existential quantifier ('if 3x:A.'P is derivable, 
then there exists a term a for which 'P[a/x] is derivable'). The use of E-types for 
the existential quantifier requires that Ex:A.ip: Prop (not of type Type) in ,\HQL. 
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In order to achieve this we could modify the E-rule as follows. 

(E) r f- A: Type r,x:A f- <p: Pcop 

r I- Ex:A.r.p : Prop 

However, the addition of this rule to ..\HOL makes the system inconsistent. In the 
case of ..\PREDw, it is possible to add a E-type that represents the existential quan­
tifier, while remaining consistent, but only for A : Set. On the other hand, one may 
wonder whether a E-type is the correct formalization of the constructive existential 
quantifier, because it creates set-terms that depend on proof-terms. For example, 
if we put z : Ex:A.rp in the context where Ex:A.r.p is a proposition (Ex:A.r.p: Prop) , 
then 7r 1z: A (A : Set). So we have an element-expression (7r1 z) that depends on a 
proof (z), a feature alien to ordinary predicate logic , where the expression-language 
is bu ilt up independently of the proofs. 

3.8. Inductive Types 

A basic notion in logic and set theory is induction: when a set is defined inductively, 
we understand it as being 'built up from the bottom' by a set of basic constructors. 
Elements of such a set can be decomposed in 'smaller elements' in a well-founded 
manner . This gives us the principles of 'proof by induction' and 'function definition 
by recursion'. 

If we want to add inductive types to our type theory, we have to add a definition 
mechanism that allows us to introduce a new inductive type, by giving the name and 
the constructors of the inductive type. The theory should automatically generate 
a scheme for proof-by-induction and a scheme for primitive recursion. It turns out 
that this can be done very generally in type theory, including very many instances of 
induction. Here we shall use a variant of the inductive types that are present in the 
system COQ [1999] and that were first defined in Coquand and Paulin-Mohring 
[1990]. Another approach to inductive types is to encode them as 'well-ordering 
types', also called W-types. The W-type can be used to encode arbitrary inductive 
types , but only if we are in extensional type theory. As we are in an intensional 
framework, we do not pursue that thread; see e.g. [Goguen and Luo 1993] for details. 

We illustrate the rules for inductive types in ..\ HOL by first treating the (very 
basic) example of natural numbers nat. We would like the user to be able to write 
something like 

Inductive nat : Type := 

0: nat 

I S: nat-?nat . 
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to obtain the followi~g rules. 

r I- h: nat-tA-tA 

r I- Recnat!1h : nat-tA 

ff- P' naHP,op ff- Ji 'PO ff- J, 'Tixonat.Px->P(Sx) 
(elim2 ) 

r I- Recnadih : Ilx: nat.Px 

The rule (elim1) allows the definition of functions by primitive recursion. The rule 
(elim2 ) allows proofs by induction. To make sure that the functions defined by 
(elim1) compute Rec nat has the following reduction rule. 

Recnatf1hO -+i f1 

Recnatf1h(St) -ti ht(Recnad1ht) 

It is understood that the additional t-reduction is also included in the conversion­
rule (conv), where we now have 'A = pi B' as a side-condition. The subscript in 
Ree nat will be omitted, when clear from the context. 

An example of the use of (elim i) is in the definition of the 'double' function d, 
which is defined by 

Now, dO -* fJi 0 and d(Sx) -* fJi S(S(dx)). The predicate of 'being even', even(-) , 
can also be defined by using (elimi): 

even(-) := Rec nat(T)(,\x:nat.>.o: :Prop.-.o:). 

We obtain indeed that 

even(O) -*Pi T, 

even(Sx) -*fJi •even(x) 

An example of the use of (elim 2 ) is the proof of Ilx: nat.even (dx). Say that true is 
some canonical inhabitant of type T. Using even(d(Sx)) =fJi ••even(dx) we find 
that >.x:nat.>.h:even(dx).>.z:-.even(dx).zh is of type Ti x:na t.even (dx)-teven(d(Sx)). 
So we conclude that 

I- Rec natt rue (>.x:nat.>.h:even(dx).,\z:•even(dx).zh) : Ilx: nat.even(dx). 

Another well-known example is the type of lists over a domain D. It is defined 
as follows. 

Inductive List : Type := 

Ni l : List 
I Cons : D-tlist-tlist 
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with the following rules. 

(elim,) 
r f- A ' Type r f- Ii 'A r f- h ' D-> List->A->A 

r f- P , List -> Prop r f- Ji ' PNil r f- j, , TidoD .Tixo list.Px->P(Cons dx) 
(elim2) 

r I- Recusd1h: Ilx: List.Px 

The rule (el im 1 ) allows the definition of functions by primitive recursion, while the 
rule (elim2 ) allows proofs by induction. To make sure that the functions compute 
in the correct way, Ree List has the following reduction rule. 

Recusd 1h Nil -4i !1 
Rec usd1/2(Cons dt) -t, hdt(Recusd1ht) 

An example of the use of Ree List is in the definition of the 'map' function that takes 
a function f: D-tD and returns the function (of type List-4 list ) that applies / to 
all elements of the list. Define 

map o= ,\/oD->D.,\lo li st.Rec u .. Nil (,\doD .,\kolist.,\ho list.Cons (f d)h) 

(D->D)-> List-> List . 

Then map !(Cons dt) =o, Cons (/d)map ft. 
Of course, there is a more general pattern behind these two examples. The ex­

tension of .\HOL with inductive types is defined by adding the following scheme. 

Ind uctive µ: Type:= 

constr 1 : al (µ)-7 · · a!n
1 
(J.t)-7µ 

I constrn: af(µ)----t · · · a~n (µ)-7µ 

where the aj(µ) are all 'type schemes with a strictly positive occurrence ofµ', i.e. 
each aj(µ) is of the form A1-7 · ·An----tX with no occurrence ofµ in the Ak and 
either X =::µorµ not in X. This declaration ofµ introducesµ as a defined type 
and it generates the constructors constr1 ,. , constr11 plus the associated elimination 
rules and the reduction rules. For a general picture on inductive types we refer to 
[Paul in~Mohring 1994]. 

To illustrate the generality of inductive types, we give an example of an inductive 
type that is more complicated than nat and List. We want to define the type Tree 
of countably branching trees with labels in D. (So a term of type Tree represents a 
tree where the nodes and leaves are labelled with a term of type D and where at 
every node there are countably many subtrees.) The definition of Tree is as follows . 

Inductive Tree: Type:= 

Leaf : D----t Tree 

1 Join : D-7{nat-7 Tree)-7 Tree 
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Here, Leaf creates a tree consisting of just a leaf, labelled by a term of type D. 
The constructor Join takes a label (of type D) and an infinite (countable) list of 
trees to create a new tree. The (elirni) rule is as follows . 

. r f- A' Type r f- Ji' D-->A r f- j,' D-->(nat-->T<ee)-->(nat-->A)-->A 
(ehm 1 ) 

f I- RecTreefih: Tree--+A 

RecTree has the following reduct ion rule. 

RecTree/ih(Leafd) --+. fid 

ReCTree/ih(Joindt) --+. hdt(,\x:nat.ReCTreefih(tx)) 

It is an interesting exercise to define all kinds of standard functions on Tree, like 
the function that takes the nth subtree (if it exists and take Leafa otherwise) or 
the function that decides whether a tree is infinite (or just a single leaf). 

For Tree, we have the following (elim2 } rule. 

r f- P' Tree-> Prop r f- Ji ' Ild,D.P(Leafd) 
(elim2) r f- j, 'Ild,D.nt, nat-->Tree.(nn,nat.P(tn))-->P(Joindt) 

r I- ReCTreefih: ITx:Tree.Px 

Another interesting example of inductive types are inductively defined propo­
sitions. An example is the conjunction, which has one constructor (the pairing). 
Given i.p and 1/J of type Prop, it can be defined as follows. 

Inductive i.p /\ 1/J : Prop := 

Pair' <p-->l/J-->(<p /\ 1") 

As we do not have the (Prop, Type) rule in ,\HOL, we can only consider the second 
elimination rule, which will only appear in the case where P is a constant of type 
Prop. (So P: Prop instead of P: i.p /\ 1/J--+Prop.) The elimination rule (elim2 ) rule is 
then as fo llows. 

r f- P' Prop r f- Ji '<p-->l/J-->P 
(elim2 ) 

r f- RecA/i '(<pf\l/J)-->P 

By taking i.p (respectively 1/J) for P and ,\x:i.p.,\y:'l/J.x (respectively ,\x:i.p.,\y:'l/J .y) 
for Ji, one easily recovers the well-known projection from ip /\ 1/J to i.p (respectively 
1/J). The logical operators V and 3 can similarly be defined inductively. 

More general inductive definitions 
Above we have restricted ourselves to a specific class of inductive types. This class 
is very general, covering all the so called 'algebraic types', but it still can be ex­
tended. There are three main extensions that we discuss briefly by some motivating 
examples. They are 

1. Parametric Inductive Types 
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2. Inductive Types with Dependent Constructors 

3. Inductive Predicates 

Many of these extensions occur together in more interesting examples. 
Probably the most well-known situation of a 'parametric type' is the type of 'lists 

over a type D'. Here the type Dis just a parameter: primitive recursive operations 
on lists do not depend on the specific choice for D. A possible way for defining the 
type of parametric lists would be the following. 

Inductive List : Type-+ Type := 

N;t ' TID,Type.(ListD) 

I Cons' nD,Type.D-t(ListD)-t(ListD). 

Which would generate the following elimination rules and reduction rule. 

r f- D, Type r f- A , Type r f- / 1 , A r f- /z, D-t(ListD)-tA-tA 
(elirni) 

f I- Recustfih: (ListD)--tA 

r f- D ' Type r f- /, , P(NilD) 

(elirn2) r f- P' (ListD)-t Prop r f- /z 'Ild,D.nx,(ListD).Px-tP(Cons Ddx) 

f I- Rec ustf1h: Ilx:(ListD).Px 

Recust!1h( Ni lD) --+i Ii 
Ree Listl1 h(Cons Ddt) --+. fzdt(Rec List/1 fzt) 

To be able to wr ite down the type of the constructors Nil and Cons, we need the 
rule (Type', Type) in >.HOL, which makes the system inconsistent. Therefore , this 
extension works much better in a system like >.PREDw, where we can consistently 
allow quantification over Set. We will not be concerned with these precise details 
here however. 

In the example of parametric lists we have already seen constructors that have 
a dependent type. It turns out that this situation occurs more often. With respect 
to the general scheme, the extension to include dependent typed constructors is a 
straightforward one: all definitions carry through immediately. We treat an interest­
ing example of an inductive type (the ~-type), which is defined using a constructor 
that has a dependent type. Let B : Type and Q : A--tProp and suppose we have 
added the rule (Prop, Type) to our system. 

Inductive µ: Type := 

In' n ,,B.(Qz)-tµ. 
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r f- A' Type r f- Ji 'Il zoB.(Qz)->A 
(elim 1 ) 

r 1- Ree µJi : µ-+A 

r f- P' µ-> Prop r f- Ji 'IlzoB.Il yo(Qz).P( lnzy) 

(elim,) r f- Ree,,/
1 

, Il xoµ.(Px) 

The L-reduction rule is 

Now, taking in (elimt) B for A and Az:B .>..y:(Qz) .z for /i, we find that 

Rec (.\zoB . .\yo(Qz).z)( ln bq)-» b. 

Hence, we define 11"1 := Rec (Az :B.Ay:(Qz).z). Now, taking Ax:µ .Q(n 1x) for 
P in (elim2) and .\zoB . .\yo(Qz).y for Ji, we find that Ree (.\zo B . .\yo(Qz).y) 
Il zoµ .Q(n 1z) . Furthermore, Ree (.\zoB . .\yo(Qz).y)( lnbq) -» q. Hence, we define 
11"2 := Ree (Az: B.Ay:(Qz).y) and we remark that µ together with In (as pairing 
constructor) and n 1 and n2 (as projections) represents the E-type. 

An example of an inductively defined predicate is the equali ty, which can be 
defined as follows. 

Ind uctive Eq: D-tD-tProp := 

Ref! ' IlxoD.( Eqxx). 

J ust like in the example for the conjunction, we only have the second elimination 
rule for the non-dependent case (i.e. P only depends on x, y:D but not on a proof 
of Eqxy). So we have 

r f- P, D-tD-tProp r f- Ji 'IlxoD .(Pxx) 
(elim2) 

r f- ReeEq/1 , Il x,yoD .(Eq xy)->(Pxy) 

The L- reduction rule is 

4. Proof-development in type systems 

In this section we will show how a concrete proof-assistant works. First we show 
in what way the human has to interact with the system. Then a small proof­
development is partially shown (most proof-objects are omitted). Finally it is shown 
how computations can be captured in formalized theories. 
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4. J. Tactics 

In Section 2.1 and Section 4.3 examples will be given of an easy, and a more involved 
theorem with full proofs . Even before these examples are given, the reader will 
probably realize that constructing fully formalized proofs (the proof-objects) is rel­
atively involved. Therefore tools have been developed- so-called proof-assistants­
that make this task more easy. A proof assistant consists of a proof checker and an 
interactive proof-development system. We have depicted the situation graphically 
in Figure 7. In the proof-development system one chooses a context and formu-

tactics 

current context 
current goal 

proof-deve\opment system 

proof assistant 

Figure 7: A proof-assistant and its components 

!ates a statement to be proved relative to that context . This statement is called the 
goal. Rather than constructing the required proof-object directly, one uses so-called 
tactics that give a hint to the machine as to what the proof-object looks like. For 
example, if one wants to prove 

1;1,,A.(Px ,,. Qx) 

in context A : Set, P, Q : A-+ Prop, then there is a tactic ('Intros') that changes 
the context by picking a fresh ('arbitrary') x:A and assumes Px, the goal now be­
coming Qx. To be more precise, we give some extracts of Coq sessions. In Coq, 
the II-abstraction and the >.-abstraction are represented by brackets: (x:A)B de­
notes II x: A.B and [x:A]M denotes >.x:A.M. Furthermore,-> and abstraction bind 
stronger than application, so we have to put brackets around applications, writing 
(x : A) (P x) - > ( Q x) for IT x:A.Px--+Qx. In the following, Unnamed_thm < and 
Coq < are the Coq prompts at which the user is expected to type some command : 
at Coq <, the system is in 'declaration mode', where the user can extend the con­
text with new declarations or definitions; at Unnamed_thm <,the system is in 'proof 
mode', where the user can type in tactics to solve the goal(s) . 
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Coq <Variable A:Set; Variable P,Q:A->Prop. 
A is assumed 
P is assumed 
Q is assumed 

Coq < Goal (x:A) (P x) -> (Q x). 
1 subgoal 

Unnamed_tlun < Intros. 
1 subgoal 

(P x) 

(Q x) 

1213 

The H: (P x) means that we assume that H is a proof of (P x) (in order to 
construct a proof q of (Q x) , thereby providing a proof of (P x) -> (Q x) 1 namely 
(H: (P x)]q, and hence of (x:A) (P x) -> (Q x), namely [x:A] (H: (P x)]q. 

Another tactic is 'Apply'. If the current context contains a: A and p: (x: A) (P x) 
- > (Q x) and the current goa1 is (Q a), then the command Apply p will change 
the current goal into (P a). This is done by matching the type of p with the current 
goal where the universal variables (here just x) are the ones to be instantiated. So, 
the system matches (Q x) with (Q a) , finding the instantiation of a for x. The 
proof-term that t he system constructs is in this case p a ? , with ? t he yet to be 
constructed proof of (P a). 

Coq < Variable a:A; Variable p (x:A) (P x) -> (Q x). 
a is assumed 
p is assumed 

Coq < Goal (Q a). 
1 subgoal 

(Q a) 

Unnamed_ tlun < Apply p. 
1 subgoal 

(P a) 
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Another essential tactic is concerned with inductive types. For example the type 
of natural numbers is defined by 

Inductive nat := 0 :nat I S: nat -> nat. 

This type comes together with an induction principle 
nat_ind 

(P:(nat->Prop))(P 0)->((n:nat)(P n)->(P (S n)))->(n:nat)(P n) 
The way this can be used is as follows. If the (current) goal is (Q n) in con­
text contain ing n nat, then the tactic Elim n will produce the new goals (Q O) 
and (n nat)(Q n)-> (Q (n+1)). Indeed, if p is a proof of (Q 0) and q of 
(n :nat) (Q n)-> (Q(n+1) ), then (nat_ind Q p q n) will be a proof of (Q n). 

Also th is type nat comes with a recursor nat...rec satisfying 

(nat...rec a b 0) = a; 

(nat...rec a b (S n)) = (b n (nat...rec a b n)). 

Indeed, going from left to right, these are t-reductions that fall under the Poincare 
principle. 

As logical operators are defined inductively, we basically have all tools to develop 
mathematical proofs. The interactive session continues until all goals are solved. 
Then the system is satisfied and the proved result can be stored under a name that 
is chosen by the user. 
Subtree proved! 

Unnamed_thm < Save fst lemma 
<tactics> 

fst_lemma is defined 
In the place of <tactics>, the system repeats the series of tactics that was typed 
in by the user to solve the goal. The system adds a definition fst.J.emma : = 
to the context, where ... is the proof term (a typed ,\-term) that was interactively 
constructed. Then later the user can use the lemma by referring to fst.J.ernma, for 
example in the Apply tactic: Apply fst.J.ernma. 

The set of tactics and its implemeptation together with the user interface will 
yield a large proof-development system. For example, several techniques of auto­
mated deduction may be incorporated as tactics. But even if the resulting proof­
development system as subunit in general will be large, the reliability of the proof­
assistant as such is still high, provided that the proof checker is small, i.e. satisfies 
the de Bruijn criterion. 

4.2. Examples of Proof Development 

Given a mathematical statement within a certain context, a proof development 
consists of a formalization of the context r and statement A and a construction of 
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a proof-object for it, i.e. a term p such that 

r 1-p, A. 

A substantial part of a proof development consists of a theory development, a name 
coined by Peter Aczel. This consists of a list of primitive and defined notions and 
axioms and provable theorems culminating in the goal A to be proved. In this section 
we will present such a theory development in the system Coq for the statement that 
every natural number greater than one has a prime divisor. 4 

Two aspects of the development are of interest. Whereas the logical operators -t 

and V are primitive notions of type theory (when translated as II), the operators 
conjunction /\, disjunction V, false FF, negation - and existence 3 are also definable 
using inductive types, see [Martin-L6f 1984]. For example 
Inductive or [A:Prop; B:Prop] Prop := 

or _intro! A-> (or A B) 
I or_intror B->(or A B) 

Here, the abstraction [A: Prop; B: Prop] says that A and B are parameters of the 
definition. Some pretty printing, a syntactic definition can be added, allowing to 
write A \/ 8 for (or A 8). The inductive definition implies that A \/ 8 comes 
together with maps 
or_introl (A,B:Prop)A- >A\/B 
or_intror (A , B:Prop)B- >A\/B 
We also need a map corresponding to the elimination principle for disjunction (for 
example to prove that A\/B - > B\/A): 
or _ind (A, 8, P: Prop) (A->P)-> (B->P)->A \/B->P 

It is also possible to define the operations /\, V, FF, - and 3 without inductive 
types, using higher order quantification, as in [Russell 1903). For example disjunc­
tion becomes 

A v B = ITC,Prop.(A->C)->(B->C)->A v B->C. 

In this way the elimination principle is the term 

The logical definitions defined this way turn out to be equivalent with the induc­
tively defined ones. Following Martin-L6f we use the inductive defini tions, because 
this way one can avoid impredicative notions like higher order quantification. 

4 From this statement Euclid's theorem that there are infinitely many primes is not far removed: 
consider a prime factor of n1 + l and show that it is necessarily > n . Thus one obtains Vn3p > 
n.prime p. A slightly different formalization is possible in type theory, where one can prove the 
statement Vn:INVp1, ... ,pn:IN(prime PI/\ ... /\prime Pn => 3x:IN(pr ime x /\ x f:- PI/\ ... /\ x f:- p,.]]. 
Note that it is impossible to even state this as a theorem in Peano Arithmetic, because of the use 
of n as a parameter denoting the length of the sequence p and the number of disjunct ions x f:- p;. 
In type theory it can be stated because of the rules for inductive types. In arithmetic one would 
have to go to second order logic to state (and prove) this theorem 
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Another point of interest is that inductive types are freely generated by their 
constructors. This has for example as consequence that for the type of natural 
numbers one can prove 

(n natl • ( (S n) = 0 ) 
(n ,m nat) (S n) = (Sm) -> n = m 

Thus we see that within type theory with inductive types, Heyting arithmetic 
can be forma1ized, without assuming additional axioms or rules. To quote Randy 
Pollack: "Type theory with inductive types is intuitionistic: mathematical principles 
are wired in." 

Now we will present a theory development in Coq (version 6.3) , for the statement 
that every natural number has a prime divisor. The mathematics behind this is very 
elementary. Logic is introduced.5 After the introduction of the natural numbers1 

plus and times are defined recursively. Then division and primality are defined. In 
order to prove our result the usual ordering < is defined (first ::;) and course of 
value induction6 is used. Text written between (* *)serves as a comment. In 
the following, the proofs a.Te omitted but the definitions are given explicitly. 

( ••••••••••••• •• • A s i mple proof-development ••••••••••••••••) 

(u o Propositional connectives defined inductively. uu) 

Inductive and [A:Prop; B:Prop] Prop 
::: conj A->B->(and A B) 

Inductive TT Prop 
:: trivial TT. 

Inductive FF Prop 

Definition not Prop->Prop 
[A:Prop)A ->FF. 

Definition iff : " [A ,B: Prop] (and (A->B) (B->A)) . 

(• For pretty printing syntactic definitions (not sho~m ) 

introduced that allow to use the following notations 

-A for (not A) 

A/\B for (and A B) 
A\/B for (or A B) 
A<->B for (iff A B) 

(• Introduction and eliminat i on rules. • ) 

•) 

5in fa.et classical logic. An intuitionistic proof is much better, as it provides an algorithm to 
find the prime divisor. But this requires more work. 

6!f for every nEIN one has ('v'm < n.Pm)-+Pn, then 'v'nEIN.Pn. 
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Lemma and_in (a,b:Prop)a- >b->(and a b). 
Lemma and_ ell (a , b : Prop) (and a b)->a. 
Lemma and_elr (a , b: Prop) (and a b)->b. 

Lemma false_el (a:Prop) FF->a. 

Lemma or _inl (a, b: Prop) a-> (or a b). 
Lemma or_inr (a,b:Prop)b->(or a b). 
Lemma or_el (a,b,c:Prop)(a- >c) - >(b- >c) - >(or a b)->c. 

(• Lemmas combining connectives. • ) 

Lemma non_or (a,b:Prop)-(or a b)->-a/\-b. 
(• We shov the proof-object (generated by the tactics) : 

non_or "' 
[a,b:Prop; p:(not (or a b))] 
(and_in (not a) (not b) [q: a] (p (or_inl a b q)) 

[q:b] (p (or_inr a b q))) 
(a ,b :Prop)(not (or a b))->(and (not a) (not b)) •) 

(• Some lemmas omitted •) 

(•••••••••• ••••••••• Predicate logic. *******************) 

Inductive ex [A Set; P A->Pr op] Prop 
: = ex_intro (x: A) (P x) ->(ex A P). 

(• A syntactic definition (not shovn) is given that allovs one 
to vrite the usual 

(EX x:AI (P x)) for ex A [x:A] (P x) 

Section Pred. 

Variables A Set; P : A->Prop; Q • A ->Prop. 

Lemma all_el (x: A) ( (y: A) (P y) ) - > (P x). 
Lemma ex_in (x:A)(P x) - >{EX y:Al(P y)). 

Lemma non_ex c-cEx x:A l (P x)))->(x:A)-(P x). 
Lemma all_not ((x : A)-(P x))->-(EX x:AI (P x)). 
Lemma all_ and ((x :A) (P x) /\ (Q x) )-> ((x: A) (P x)) /\ ((x: A) (Q x)) . 
Lemma (EX x:AI (P x)\/(Q x)) 
->(EX x : AI (P x))\/(EX x:AI (Q x)). 

End Pred. 

( • Classical logi c . •) 

1217 
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Axiom DN (a:Prop)(--a->a). 

Lemma dn_c (a : Prop) --a<->a. 

Lemma (• Excluded middle: tertium non datur. •) 
tnd (a :Prop) (a\;-a) 

(• Some lemmas omitted •) 

Section Pred_clas. 

Variable A:Set; P:A->Prop. 

Lemma non_all (-(x:A) (P x))->(EX x:Al-(P x)). 
Lemma e x_c (EX x :A )(P x))<->-(x:A)-(P x). 

(• This lemma has the folloving proof-object. (Note the presence of DN) 

(conj (EX x:A I (P x))->-((x:A)-(P x)) 
-((x:A)-(P x))->(EX x:A I (P x)) 

[H: (EX x:A I (P x)); HO: ((x:A) (P x)->FF)] 
(ex_ind A [x:A](P x) FF [x:A; H1:(P x))(HO x Hi) H) 

[H: (-((x:A)-(P x)))) 
(DN (EX x:A I (P x)) 

[HO:((EX x:A I (P x))->FF)] 
(H (x:A; Hi : (P x))(HO (ex_intro A [xO:A)(P xO) x Hi))))) 

(EX x:A I (P x))<->-((x:A)-(P x)) •) 

End Pred_clas. 

(••••••••••••••••••• Arithmetic ••••••••••••••••••••••••) 

Inductive eq [A:Set;x:A] A->Prop 
: = refl_equal (eq A x x) . 

(• A syntactic definition (not shovn) is introduced in order to use 
the abbreviation 

x=y for (eqAxy). 
In this syntactic definition, the type A can be used as an 
'implicit argument'. It is reconstructed by the type checking 
algorithm from the type of x •) 

Lemma sym_eq : (A:Set) (x,y:A) (x = y)->(y = x). 
Lemma leib : (A:Set) (P:A->Prop) (x , y:A) (x = y)->(P x)->(P y). 
Lemma eq_ind_r (A:Set; x:A; P:(A->Prop))(P x)->(y:A)(y=x)->(P y). 
Lemma f_equal (A,B:Set; f : (A->B); x , y :A)(x=y) -> ((f x)=(f y)). 

Inductive nat Set : :: 0 : nat I S nat->nat. 



Definition 
Definition 
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: nat : = (S 0) . 
: nat ·= (S one) . 

Definition Is_suc := [n:nat) 
Cases n of 

0 => FF 
I (S p) => TT 

end. 

Lemma no_conf (n:nat)-(0= (Sn)). 

Inductive l eseq [n:nat) nat->Prop 
leseq_n (leseq n n ) 

I leseq_suc (m :nat) (leseq n m)->(leseq n (S m)). 

Definition lthan := [n,m:nat) (leseq (S n) m). 

Lenuna leseq_trans (x , y,z:nat)( l eseq x y)->(leseq y z)->(leseq x z). 
Lemma lthan_leseq (n,m:nat)((lthan n m)->(leseq nm)). 
Lenuna non_ltO (n :nat)-(lt han n 0). 
Lemma suc_leseq: (n ,m:nat)(leseq (S n)(S m))->(leseq nm). 
Lemma lt01 (x:nat) (x=O\/x=one\/(lthan one x)) . 
Lemma nOnllt (n:nat) (-(n=O)->-(n=one)->(l t han one n)). 

Definition before [n:nat; P:nat->Pr op] : = ((k:nat) Cl than k n)->(P k) ) . 

Lemma (• Course of value induction •) 
cv_ind (P:nat->Prop)((n:nat)((before n P) - > (P n )) -> (n:nat ) (P n)). 

Fixpoint plus (n:nat] 
Cases n of 

end. 

Lemma plus_altsuc 
Lemma plus_altzero 
Lemma plus _ass 

Lemma plus _com : 

nat -> nat : "' [m:nat] 

=> m 
(S p) => (S (plus pm)) 

(n,m :nat) (plus n (S m)) = (S(plus n m)). 
(n:nat) (plus n O)=n. 
(n , m, k: nat) (n , m,k: nat) 
(plus n (plus m k))=(plus(plus n m) k). 
(n , m:nat) (plus n m) =(plus m n). 

Fixpoint times (n:nat] nat -> nat : = [m:nat ] 
Cases n of 

0 => 0 
I (S p) => (plus (times p m) m) 

end. 
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Lemma distr 

Lemma timesaltzero 
Lemma timesaltsuc 
Lemma times _ass 

HENK 8ARENDREGT AND HERMAN 0EUVERS 

(n,m,k: nat) (n,m,k: nat) 
(times (plus nm) k)=(plus(times n k)(times m k)) 
(n:nat) (times n O)=O. 
(n,m:nat) (times n (S m))=(plus(times n m) n). 
(n,m , k :nat)(times n(times m k))=(times(times n m)k). 

Definition div (nat - >nat - >Prop) 
: " [d , n :nat](EX x:natl(times x d):n). 

Definition propdiv (nat->nat->Prop) 
:= [d ,n:nat)((lthan one d)/\(lthan d n)/\(div d n)). 

Definition prime nat -> Prop 
:= [n:nat]((lthan one n)/\-(EX d:nat l (propdiv d n))). 

Definition primediv nat->nat->Prop 
:= [p,n:nat) (prime p)/\(div p n). 

(• Some lemmas omitted •) 

(• has prime divisor • ) 
Definition HPD nat->Prop := [n: nat) (EX p:natl (primediv p n)). 

Theorem numbers_gtl_have_primediv (n:nat) (lthan one n)->(HPD n). 

(••···························································••) 
As stated before, from here one can prove Eucl id 's theorem that there are infinitely 
many primes. ln order to do this one needs to know that if d divides both a and 
a+b, then it divides b (introduce cut-off subtraction for this and prove some lemmas 
about it). 

4.:J. Autarkic Computations 

We have so far described how to forma1ize definitions , statements and proofs. An­
other important aspect of mathematics is computing. (In order to decide whether 
statements are true or simply because a numerical value is of interest) . The follow­
ing examples are taken from [Barendregt 1997]. These are examples of statements 
for which computations are needed. 

(!) [,/45] 6, where [r] is the integer part of a real 

(2) Prime(61) 

(3) (x + l)(x + !) x 2 +2x+ l 

In principle computations can be done within an axiomatic framework, in particular 
within predicate logic with equality. But then proofs of these statements become 
rather long. E.g. 

(x + 1)2 = (x + ! ) · (x +I) 
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(x + !) · x + (x + !) I 

x·x+ l x+x·l+l 1 

x2 +x+x+1 

x 2 + 2 · x + 1. 
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This is not even the whole story. Each use of'=' has to be justified by applying an 
axiom, substitutions and the fact that+ preserves equality7 . 

A way to handle (1) is to use the Poincare principle extended with the reduc­
tion relation ----»i for primitive recursion on the natural numbers. Operations like 
f(n) = [Jn] are primitive recursive and hence are >.-definable (using ----»pi) by 
Recnat introduced in Section 3.8. Then, writing roi = 0, r11 = S 0, .. , it follows 
from the Poincare principle that the same is true for 

since r61 = r61 is formally derivable and we have p r451 -'"/Jt r61 . Usually, a proof 
obligation arises that Fis adequately constructed . For example, in this case it could 
be 

'In (Fn) 2 :S n < ((Fn) + 1)2
. 

Such a proof obligation needs to be formally proved, but only once; after that 
reductions like 

can be used freely many times. 
In a similar way, a statement like (2) can be formulated and proved by construct­

ing a >.-defining term K Prime for the characteristic function of the predicate Prime. 
This term should satisfy the following statement 

'r/n ((Primen t-t /(Primen = r11) & 

(KPrimen = roi V KPrimen = r11
)] . 

which is the proof obligation. 
Statement (3) corresponds to a symbolic computation . This computation takes 

place on the syntactic level of formal terms. There is a function g acting on syntactic 
expressions satisfying 

g((x + I)(x + ! ) ) = x2 + 2x + !, 

that we want to >.-define. While x +I · Nat (in context x: Nat ), one has 'x + 
l' : term{Nat). Here term( Nat ) is an inductively defined type consisting of the 
terms over the structure (Nat,+, x , 0, 1). Using a reduction relation for primitive 
recursion over this data type, one can represent g, say by G, so that 

G'(x + I)(x + !) '--»~, 'x2 + 2x + ! '. 
~,-T-lu-·,-;,-w-hy-,-om_e_m_a-th_e_m-at-k-;a-n,-may be turned off by logic. But these steps have to be done. 

Usually they are done within a fraction of a second and unconsciously by a mathematician. 
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Now in order to finish the proof of (3), one needs to construct a self-interpreter E, 
such that for all expressions p : Nat one has 

E 'p' """'*P• p 

and prove the proof ob ligation for G which is 

It follows that 

Now, since 

\lt'term( Nat ) E(Gt) = E t. 

E(G'(x + ! )(x + I)') = E '(x + i )(x + ! ) '. 

E(G'(x + i )(x + I ) ') -'>p, E 'x2 + 2x + I ' 

-*/3• x
2 + 2x + 1 

E '(x + ! )(x + I)' -->p, (x + I )(x + ! ), 

we have by the Poincare principle 

(x + l )(x + 1) = x 2 + 2x + I. 

Bureaucratic details how to treat free variables under E are omitted. 
The use of inductive types like Nat and term( Nat ) and the corresponding re­

duction relations for primitive reduction was suggested by Scott [1970] and the 
extension of the Poincare principle for the corresponding reduction relations of 
primitive recursion by Martin-LOf [1984]. Since such reductions are not too hard to 
program, the resulting proof checking still satisfies the de Bruijn criterion. 

The general approach is as follows. In computer algebra systems algorithms are 
implemented by special purpose term rewriting. For example for polynomial ex­
pressions pone has for (formal) differentiation and simplificat ion the following. 

p -tdiff 

P -tsimpl 

-tdiff Pdiff - nf = P1 i 

-tsimpl ps impl-nf = P2-

In this way the funct ions fdiff(p) = p 1 and fsimpl (P) = P2 are computed. In type 
theory with inductive types and t-reduction these computations can be captured 
as fo llows. 

Fdiff P -* fm P1i 

Fsimpl P ---'* /36• P2-

This is like replacing special purpose computers by the universal Turing-von Neu­
mann computer with software. 

In [Oostdijk and Geuvers 2001] a program is presented that, for every primitive 
recursive predicate P, constructs the lambda term I< p defining its characteristic 
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function and the proof of the adequacy of Kp. That is, one proves 'v'n:Nat.P(n) H 

l<p(n) = 1 (generically for all primitive recursive predicates P). In this way, proving 
P(n) can be replaced by computing Kp(n). The resulting computations for P = 
Prime are not efficient, because a straightforward (non-optimized) translation of 
primitive recursion is given and the numerals (represented numbers) used are in a 
unary (rather than n-ary) representation; but the method is promising. In [Caprotti 
and Oostdijk 2001], a more efficient ad hoe definition of the characteristic function 
of Prime is given, using Pocklington's criterion, based on Fermat's small theorem 
about primality. Also the required proof obligation is given. In this way it can be 
proved, formally in Coq, that a number like 1223334444555554444333221 is prime 
(but also bigger numbers, some of 44 digits!) So the statements in the beginning of 
this subsection can be obtained by computations. 

Another use of reflection is to show that a function like 

/(x) = e3
:i:

2 

+ J1 + sin2 x + 

is continuous. Rather than proving this by hand one can introduce a formal language 
L, such that a description of/ is among them, and show that every expression e: L 
denotes a continuous function. 

5. Proof assistants 

Proof assistants are interactive programs running on a computer that help the 
user to obtain verified statements (within a given mathematical context). This 
verification can be generated in two ways: automatically by a theorem prover, or 
provided by the user with a proof that is checked by the machine. 

It is clear that proof checking is not automated deduction. The problem of decid­
ing whether a putative proof is indeed a proof is decidable; on the other hand the 
problem whether a putative theorem is indeed a theorem is undecidable. Having 
said this, it is nevertheless good to remark that there is a spectrum ranging from 
on the one hand pure proof-checkers to on the other hand pure automated theorem 
provers. A pure proof-checker, to which one has to present an entire fully formalized 
proof, is impractical, because it is difficult to provide these proof-objects. On the 
other hand a pure automated theorem prover (that finds a proof if a statement 
A is provable and tells us that there is none otherwise) is impossible for theorems 
in theories as simple as predicate logic. Automated deduction is in general only 
possible as a partial algorithm (providing a proof if there is one, running forever 
otherwise) . 

For some special theories, like elementary geometry (which is decidable), a total 
algorithm may be possible (in the case of geometry there is the excellent theorem 
prover of Wu [1994]). In most cases an automated theorem prover requires that the 
user gives hints. Although this chapter is not about automated theorem provers, we 
would like to mention Otter [1998] for classical predicate logic, the system of Bibel 
and Schmitt [1998] for classical predicate logic with equality, Boyer and Moore's 
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!1997] theorem prover Nqthm, based upon primitive recursive arithmetic , and Wu's 
[1994] geometry theorem prover that was already mentioned. 

At the other end of the spectrum a user-friendly proof-checker usually has some 
form of automated deduction in order to make it more easy for the user to provide 
proof-objects. Proof-assistants consists of a proof-development system together with 
a proof-checker. 

5.1. Comparing proof-assistants 

We will discuss several proof-assistants. All systems except Agda work with proof 
scripts that are a list of tactics needed to make the proof-assistant to verify the 
validity of the statement. The proof-assistants fall into two classes: those with proof­
objects and those without proof-objects. 

In the case of a proof-assistant with proof-objects the script generates and stores a 
term that is (isomorphic to) a proof that can be checked by a simple proof checker. 
This makes these systems highly reliable. In principle someone, who is doubtful 
whether a certain statement is valid, can download a proof-object via the internet 
and locally verify it using his or her own trusted proof checker of relatively small 
size. 

Proof-assistants that have no proof-objects come in two classes. The first one 
consists of systems that in principle can translate the proof-script into a proof­
object that can be ver ified by a small checker. In this case the proof-script can be 
considered as a non-standard proof-object. In order to make this translation these 
systems just need some system specific preprocessor after which a trustworthy check 
can be performed. The second class consists of proof-assistants for which there is 
not (yet) a way to provide a proof-object with high reliability. So for the correctness 
of theorems accepted by assistants in th is class one has to trust these systems. The 
advantage of these kind of systems usually is their larger automated deduction 
facilities and (therefore) their larger user-friendliness . 
We will discuss the following proof-assistants. 

system proof-objects 

Coq, Lego, Agda yes 
Nuprl, HOL, Isabelle non-standard 
Mizar, PVS, ACL2 no 

Coq, Lego and Agda 

Of these three systems Coq is the most developed one. The systems Coq and Lego 
are based on versions of the calculus of constructions extended with inductive types. 
For the logical power of this formal system, see [Aczel 1999] and the references 
contained therein. An important difference between the proof-assistants is in their 
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computational power. Both systems admit the Poincare principle for fich-conversion. 
This means that there are deduction steps like the following ones. 

Reftexive(R) 
----Ii 

'<:/x.Rxx 

A{lx} 
-{Jli 
A(x) 

and 
A{fac{4}} ---•• A{24} ' 

[Here one assumes to have defined Reftexive(R) = '<:/x.Rxx, I = Ax.x and fac as the 
function representing the factorial .} One of the differences between Coq and Lego 
is that in Lego one can introduce other notions of reduction for which the Poincare 
principle is assumed to hold (including non-terminating ones). 

Both Coq and Lego create proof-objects from the proof-scripts and store them. 
These proof-objects are isomorphic to natural deduction proofs. The two systems 
allow impredicative arguments as used in actual mathematics, but argued to be po­
tentially unreliable by Poincare and Martin-LOf. The system Agda is similar to Coq 
and Lego, except that it is based on Martin-LOf type-theory in which impredicative 
quantifications are not allowed. The Poincare principle can be assumed by the user 
for any notion of reduction that is proved to be strongly normalizing. Agda is not 
so much 'tactics based' as Coq and Lego. In Agda one edits a proof term by 'filling 
in the holes' in an open term . The system acts as a structure editor, providing 
support for term construction. 

Nuprl, HOL and Isabelle 

Constable et al. 's [1986] system Nuprl does have proof-objects, but a judgment 

f-po A, 

indicating that p is a proof of A, is not decidable. The reason for this is that the 
Poincare principle is assumed not only for fidt-convcrsion, (the intensional equality) 
but also for extensional equality. See Section 2.8. So there is a rule 

P' A(t) q' (t = s) 

p' A(s) 

So, Nuprl is based on an extensional type system. This implies that type checking 
p : A? (TCP, see Section 2.1) is no longer decidable and therefore proofs cannot 
be checked. However, there are 'expanded' proof-objects d that can establish that 
p: A. In fact, the d takes into account the terms q for which q : t = s. So these d 
serve as the 'real' proof-objects. 

The proof-assistant HOL [1998] is based on Church's [1940] simple type theory. 
This is a classical system of higher order logic. That HOL uses non-standard proof­
objects has a different reason. HOL does not satisfy the Poincare principle for any 
conversion relation. As a consequence computations involving recursion become 
quite lengthy when converted to a proof-object (for example establishing by a proof 
that I- fac Cn = Cn!)· Therefore the design decision was made that proof-objects 
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are not stored, only the proof-scripts . Even if a proof of fac c11 = C 11! may be long, 
it is possible to give it a short description in the proof-script. Induction is done by 
defining an inductive predicate in a higher order way as the smallest set satisfying 
a closure property. 

Also Isabelle is based on intuitionistic simple type theory. But this proof-assistant 
is fine-tuned towards using this logic as a meta-logic in which various logics (for 
example first-order predicate logic, the systems of the lambda cube or higher or­
der logic) are described internally, in the Logical Framework style. This makes it 
having non-standard proof-objects. Again the system does not satisfy the Poincare 
principle, but avoids the problem by not considering proof-objects. Both assistants 
HOL and Isabelle have pretty good rewrite engines, needed to run the non-standard 
proof-objects. 

It should be emphasized that HOL and Isabelle did not fail to adept the PoincarC 
principle because it was forgotten, but because the problem of equational reasoning 
was solved in a different way, by the non-standard proof-objects in the form of 
the tactics. It makes formalizing more easy, but one cannot use proof-objects for 
example to see details of the proof or for program extraction. However, it is in 
principle not difficult to modify either HOL or Isabelle to create and store proof 
objects. 

Mizar, ACL2, PVS 

Mizar [1989] is based on a form of set theory (Tarski-Grothendieck, that is ZFC 
extended with an axiom expressing the existence arbitrary large cardinals). It does 
not work with proof-objects nor does it have the Poincare principle. The system has 
some automated deduction and a user-friendly set of tactics. In fact a nice feature 
of the system is that the proof-script is close to an ordinary proof in mathematics 
(which are internally represented as proofs in set theory). An impressive collection 
of results is in the Mizar library. It seems that in principle it is possible that the 
Mizar scripts are translated into a proof-object . 

ACL2 [2000] is an extension of the theorem prover of Boyer-Moore. It is based on 
classical primitive recursive arithmetic and it is used in industry. It is not possible 
for the user to construct inductive types, but there is a powerful built-in induction: 
a user can define his own well-founded recursive functions (up to fo recursion) and 
let the system compute with them. (The functions are actually Lisp functions.) 

PVS [1999] again is based on classical simple type theory. It is without proof­
objects and exploits this by allowing all kind of rewriting, for numeric and symbolic 
equalities. The system is very user-friendly because of automated deduction that is 
built in. The system allows subtypes of the form 

A= {x' BI P(x)). 

If the system has to check a : A it will generate a proof-obligation for the reader: 
"prove P(a)". Up to our knowledge no effort has been made to provide PVS with 
proof-objects. 
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Comparison 

The proof-assistants considered fo llow the following pattern: 

Agda-Coq-Lego-Nuprl-HOL-Isabelle-Mizar-ACL2-PVS. 

Agda, Coq and Lego are to the left, indicating reliability (Agda given the first 
place because it has only predicative logic; Coq coming second, since only strongly 
normalizing rewrite rules may be added) . After that follow Nuprl, HOL and Isabelle, 
with their non-standard proof-objects (Nuprl coming first for the same reasons as 
Agda; Isabelle coming last, because the extra layer making things a bit harder to 
manage) . Finally come Mizar, ACL2 and PVS, because they do not work with 
proof-objects. We put PVS last, because every now and then bugs are found in this 
system). 

On the other hand, the order for internal automation is the opposite: ACL2 and 
PVS win and Agda loses. Of course eventually proof-assistants should be developed 
that are both reliable and user-friendly. The following judgments are based on some 
intuition and should not be taken too seriously. 

Ass. p.o. reliab. pp logic dep.t. ind .t au tom. #users 

Agda yes +++ {JliLR 1 int. pred. yes yes none8 

Coq yes ++ {JoiR2 int. yes yes + ++ 
Lego yes ++ {JoiR 1 int. yes yes + + 
Nuprl ++ {JoiR, int. yes yes + ++ 
HOL n.s. ++ none cl. no yes ++ ++ 

Isabelle n.s. ++ none t.b.s. no no ++ ++ 
Mizar none + none cl. yes no + ++ 
ACL2 none + R, pra no yes9 +++ +++ 
PVS none none cl. no no +++ +++ 

8There is a little use of higher order unification 
9Basica!ly, there's only one inductive type in which the user 'codes' his induction 
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Ass. name of the Proof Assistant ; 

p.o. proof-objects; 

n.s . non-standard; 

reliab. reliability; 

PP Poincare principle; 

dep.t. dependent types; 
ind.t. inductive types; 

autom. degree of automation; 

int . intuitionistic logic preferred; 

pred. only predicative quant ification; 

cl. classical logic; 

pra primitive recursive arithmetic (so no quantifiers); 

t.b .s. to be specified by the user; 

R1 arbitrary notion of reduction; 

R2 structurally well-founded recursion; 

R3 arbitrary provable equality; 

R4 lo-recursion. 

There are very many other proof-assistants. See [Digimath 2000] for an impressive 
list. 

5.2. Applications of proof-assistants 

At present there are two approaches to the mechanical verification of complicated 
statements. The fi rst one, that we may call the pragmatic approach, uses proof assis­
tants with many complex tools to verify the correctness of statements. These tools 
include theorem provers and computer algebra systems, the correctness of which 
has not been verified (as a matter of fact, computer algebra systems are often not 
formally correct at all). Even if these systems may contain bugs the correctness of 
hardware systems and (relatively small but critical) software systems (like proto­
cols) is dramatically increased, see [Rushby and Henke 1993] and [Ruess, Shankar 
and Srivas 1996]. Proof-assistants that are used include PVS, Nuprl, Isabelle and 
HOL. 

The other approach , that we may call the fu ndamental one, aims at the highest 
degree of reliabi lity. In this approach one only uses proof-assistants with a proof­
checker that satisfies the de Bruijn criterion, i.e. have a small verifying program. 

In this chapter we have focused our attention on the second approach. It should 
be remarked that even in this approach there is some spectrum of reliability. If 
the Poincare principle is adopted for .BOt-conversion, the verifying program is more 
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complex than the one for just ,6c5-conversion. This is natural and fair, since adopting 
the Poincare principle for i-conversion has as consequence that primitive recursive 
computations within a proof come without proof obligations. In fact the pragmatic 
proof-assistants can be viewed as a strong use of the computational power as pro­
vided by a form of the Poincare principle. 

Another parameter in a fundamental proof-assistant is the choice of strength of 
the underlying type system and hence the related logical system. For example, one 
may use first-order, second-order or higher-order logic. This parameter determines 
the logical strength of the proof system. 

Rather .than making a choice for the computational and logical strength one may 
think of a universal 10 system in which these two can be set according to the taste 
and application area of the user . It is hoped (and expected) that it is possible 
to construct a universal proof-assistant that is sufficiently efficient. Also there is 
a considerable foundational interest in the enterprise of constructing user-friendly 
proof-assistants. One has to realize which steps are obvious to the mathematician 
and provide suitable tools. 

It is a (possibly long term) goal of the second approach to make the formalization 
of an informally known mathematical proof as easy as wr iting a mathematical paper 
say in Ei-'fEX. At the same time the efficiency should be comparable to efficient 
systems for computer algebra. 

Several notions in classical mathematics are not directly available in the con­
structive approach of type theory. Next to the failure of the excluded middle these 
include quotient sets, subsets defined by a property and partial functions. It is for 
good reasons that these constructions are not available. In the constructive type 
theoretic approach the notion a : A should be decidable, a property that is lost in 
the presence of types representing undecidable sets. 

In order to increase the ease of formalizing proofs several tools are being con­
structed that enhance the power of the fundamental approach. In this way even­
tually the power of the fundamental approach may be equal to that of the present 
day pragmatic one. 

When the goal of easy formalization has been reached not only spin-off in system 
design, but also in the development of mathematics is expected. First of all there 
may emerge a different system of refereeing. People will only submit papers that 
are correct. The referee can focus on the judgment whether the paper is of interest 
and point out relations with other work. Then there will be an impact on teaching 
mathematics. The notion of proof can be taught by patient computers. 

It is also to be expected that eventually proof-assistants will help the working 
mathematician. Arbitrary mathematical notions can be represented on a computer; 
not just the computable ones, as is presently the case in systems of computer 
algebra. The interaction between humans and computers may lead to fruitful new 
mathematics, where humans provide the intuition and machines take over part of 

IOQf course there cannot be a universal proof-assistant, due to G&l.el's t heorem. The word 
universal is used in the same way as ZFC is seen as a universal foundation: it captures large parts 
of mathematics 
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the craftsmanship. 
Next to these theoretical aspects, there is a potential practical spin·off in the 

form of program extraction. In case a statement of the form 

\lx3y.A(x, y) 

has been proved constructively, an algorithm finding the y in terms of the x can 
be extracted automatically. See [Mohring 1986, Paulin.Mohring and Werner 1993, 
Parent 1995]. 

For a discussion of issues related to (the future of) proof.assistants, see also the 
QED-manifesto in [Bundy 1994] (pp. 238- 251). 

Many (often smaller) proof.assistants we have not mentioned. For a (probably 
incomplete) but extended survey see [Digimath 2000]. 
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