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Abstract. In a recent breakthrough, Babai [Proceedings of STOC, ACM, New York, 2016, pp.
684-697] gave a quasipolynomial-time graph isomorphism test. In this work, we give an improved
isomorphism test for graphs of small degree: our algorithm runs in time n®((1°e ) where n is
the number of vertices of the input graphs, d is the maximum degree of the input graphs, and c is
an absolute constant. The best previous isomorphism test for graphs of maximum degree d due to

Babai, Kantor, and Luks [Proceedings of FOCS, IEEE, New York, 1983, pp. 162-171] runs in time
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1. Introduction. Luks’s polynomial-time isomorphism test [24] for graphs of
bounded degree is one of the cornerstones of the algorithmic theory of graph isomor-
phism. With a slight improvement given later [5], it tests in time n®(4/1°84) whether
two n-vertex graphs of maximum degree d are isomorphic. Over the past few decades
Luks’s algorithm and its algorithmic framework have been used as a building block for
many isomorphism algorithms (see, e.g., [5, 6, 14, 18, 25, 29, 31]). More importantly,
it also forms the basis for Babai’s recent isomorphism test for general graphs [1, 2]
which runs in quasipolynomial time (i.e., the running time is bounded by nPelos(®)),
Indeed, Babai’s algorithm follows Luks’s algorithm but attacks the obstacle cases for
which the recursion performed by Luks’s framework does not lead to the desired run-
ning time. Graphs whose maximum degree d is at most polylogarithmic in the number
n of vertices are not a critical case for Babai’s algorithm, because for such graphs no
large alternating or symmetric groups appear as factors of the automorphism group,
and therefore the running time of Babai’s algorithm on the class of all these graphs is
still quasipolynomial. Hence graphs of polylogarithmic maximum degree form one of
the obstacle cases toward improving Babai’s algorithm. This alone is a strong motiva-
tion for trying to improve Luks’s algorithm. In view of Babai’s quasipolynomial-time
algorithm, it is natural to ask whether there is an nP°W°&(4)_jsomorphism test for
graphs of maximum degree d. In this paper we answer this question affirmatively.

THEOREM 1.1. The graph isomorphism problem for graphs of mazximum degree d
can be solved in time n®1°8D°) for an absolute constant c.

To prove the result we follow the standard route of considering the string iso-
morphism problem, which is an abstraction of the graph isomorphism problem that
was introduced by Luks in order to facilitate a recursive isomorphism test based on
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the structure of the permutation groups involved [6, 24]. Here a string is simply a
mapping ¢ : 2 — X, where the domain 2 and alphabet ¥ are just finite sets. Given
two strings r,n : Q@ — X and a permutation group G < Sym(2), the objective of the
string isomorphism problem is to compute the set Isog(r,y) of all G-isomorphisms
from r to y, that is, all permutations g € G mapping ¢ to y. We study the string
isomorphism problem for groups G in the class I'y of groups all of whose composition
factors are isomorphic to subgroups of Sy, the symmetric group acting on d points.
Luks introduced this class because he observed that, after fixing a single vertex, the
automorphism group of a connected graph of maximum degree d is in I'y.! Our main
technical result, Theorem 7.4, states that we can solve the string isomorphism prob-
lem for groups G € Ty in time nP°Y1°8(d) wwhere n = |Q| is the length of the input
strings. This implies Theorem 1.1 (as outlined in section 8).

To prove this result, we introduce the new concept of an almost d-ary sequence
of invariant partitions. More precisely, we exploit for the group G a sequence {Q} =
Bo = - = By, = {{a} | @ € Q} of G-invariant partitions B; of 2, where B,_1 > B;
means that 8, refines B;_;. For this sequence we require that for all ¢ the induced
group of permutations of the subclasses in B; of a given class in 28;_; is permuta-
tionally equivalent to a subgroup of the symmetric group Sy or semiregular (i.e., only
the identity has fixed points). Our algorithm that exploits such a sequence is heavily
based on techniques introduced by Babai for his quasipolynomial-time isomorphism
test. We even use Babai’s algorithm as a black box in one case. One of our technical
contributions is an adaptation of Babai’s unaffected stabilizers theorem [2, Theorem
6] to groups constrained by an almost d-ary sequence of invariant partitions. In [2],
the unaffected stabilizers theorem lays the groundwork for the group theoretic algo-
rithms (the local certificates routine), and it plays a similar role here. However, we
need a more refined running time analysis. Based on this we can then adapt the local
certificates routine to our setting.

However, not every group in I'j has such an almost d-ary sequence required by our
technique. We remedy this by changing the operation of the group while preserving
string isomorphisms. The structural and algorithmic results enabling such a change of
operation form the second technical contribution of our work. For this we employ some
heavy group theoretic results. First, applying the classification of finite simple groups
via the O’Nan-Scott theorem and several other group theoretic characterizations, we
obtain a structure theorem for primitive permutation groups in I'y showing that they
either are small (of size at most np(’lylog(d)) or have a specific structure. More precisely,
large primitive groups in fd are composed, in a well-defined manner, of Johnson groups
(i.e., symmetric/alternating groups with an induced action on t-element subsets of the
standard domain). Second, to construct the almost d-ary sequence of partitions, we
exploit the existence of these Johnson schemes and introduce subset lattices which
are unfolded yielding the desired group operation.

With Luks’s framework being used as a subroutine in various other algorithms,
one can ask for the impact of the improved running time in such contexts. As a first,
simple application we obtain an improved isomorphism test for relational structures
(Theorem 8.3) and hypergraphs (Corollary 8.4). A deeper application is an improved
fixed-parameter tractable algorithm for graph isomorphism of graphs parameterized
by tree width [15], which substantially improves the algorithm from [23].

'n [24], the class fd is denoted by I'y. However, in the more recent literature 'y typically refers
to a larger class of groups [3] (see subsection 2.2.3).
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Outline. Section 3 is concerned with the structure of primitive fd groups; it
culminates in Theorem 3.13 with a structural description. In section 4 we describe
how to algorithmically change the operation of a group in I'y to force the existence
of an almost d-ary sequence of invariant partitions {Q} = Bg = --- = B, = {{a} |
a € Q} without changing string isomorphisms. In sections 5 and 6 we extend Babai’s
structural group theoretic results to our situation. Finally, in section 7 we prove our
main algorithmic results, Theorems 7.3 and 7.4. Applications of these results, among
them Theorem 1.1, are presented in section 8.

2. Preliminaries.

2.1. Graphs and other structures. A graph is a pair I' = (V, E) with vertex
set V = V(T') and edge relation £ = E(T"). In this paper all graphs are finite and
simple, i.e., there are no loops or multiple edges. The neighborhood of v € V(I') is
denoted N (v). A path of length k is a sequence vy, ..., v of distinct vertices such
that (v;—1,v;) € E(T) for all i € [k] (where [k] := {1,...,k}). The distance between
two vertices v,w € V(I'), denoted by dist(v,w), is the length of the shortest path
from v to w.

An isomorphism from a graph I'y to another graph I's is a bijective mapping
¢: V(I'1) = V(T'2) which preserves the edge relation, that is, (v,w) € E(T';) if
and only if (¢(v),p(w)) € E(T'2) for all v,w € V(I';). Two graphs I'y and T’y are
isomorphic (I'y = T'y) if there is an isomorphism from I'y to T'y. An automorphism
of a graph I' is an isomorphism from T to itself. By Aut(I') we denote the group of
automorphisms of I'. The graph isomorphism problem asks, given two (undirected)
graphs I'y and T's, whether they are isomorphic.

A t-ary relational structure is a tuple %A = (D, Ry,...,R;) with domain D
and t-ary relations R; C D! for i € [k]. An isomorphism from a structure 2A; =
(D1, Ry, ..., Ry) to another structure 2y = (D2, S1,...,Sk) is a bijective mapping
¢: D1 — Dy such that (vy,...,v) € R; if and only if (p(v1),...,0(v)) € S; for
all v1,...,v € Dy and i € [k]. As before, Aut(2) denotes the automorphism group
of 2.

Let 81,5 be two partitions of the same set 2. We say B, refines B, denoted
by B, =< By, if for every B; € B, there is some By € B, such that By C By. If
additionally %7 and B, are distinct we say By strictly refines Bao (B1 < B3). The
index of By in By is [By : By| = maxp,em, |[{B1 € B1 | B C Ba}|. A partition B
(of the set Q) is an equipartition if all elements B € B have the same size. For S C Q)
we define the induced partition B[S] = {BN S | B € B such that BN S # 0}. Note
that B[S] forms a partition of the set S.

For a set M and a natural number ¢ < |M| we denote by (At/‘[) the set of all

t-element subsets of M, that is, (J\f) ={X C M | |X| =t}. Note that the number of

elements in (Af ) is exactly (Mt/l |). Moreover, (i/[t) denotes the set of all subsets of M
of cardinality at most ¢. -

2.2. Group theory. In this section we introduce the group theoretic notions
required in this work. For a general background on group theory we refer to [30],
whereas background on permutation groups can be found in [12].

2.2.1. Permutation groups. A permutation group acting on a set {2 is a sub-
group G < Sym(Q2) of the symmetric group. The size of the permutation domain {2 is
called the degree of G and, throughout this work, is denoted by n = |Q|. If Q = [n],
then we also write S, instead of Sym(Q2). For g € G and « € Q we denote by af the
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image of @ under the permutation g. The set a¥ = {a9 | g € G} is the orbit of a.
The group G is transitive if ¥ = Q for some (and therefore every) o € €.

For o € Q the group G, = {g € G | & = a} < G is the stabilizer of « in G.
The group G is semiregular if G, = {1} for all « € Q. If additionally G is transitive,
then the group G is called regular. For A C Q and g € G let A9 = {9 | a € A}
The pointwise stabilizer of A is the subgroup G(ay = {9 € G | Va € A: oY = a}.
The setwise stabilizer of A is the subgroup Ga = {g € G | A9 = A}. Observe that
G( a) < Ga.

Let G < Sym(f2) be a transitive group. A block of G is a nonempty subset B C 2
such that BY = B or BYN B =  for all g € G. The trivial blocks are Q and the
singletons {a} for a € Q. The group G is said to be primitive if there are no non-
trivial blocks. If G is not primitive it is called imprimitive. If B C 2 is a block of G,
then B = {BY | g € G} forms a block system of G. Note that 9B is an equipartition of
Q. The group Gy = {g € G | VB € B: BI = B} denotes the subgroup stabilizing
each block B € B setwise. Observe that G/ is a normal subgroup of G. We denote
by G® < Sym(B) the natural action of G on the block system %B. More generally,
if A is a set of objects on which G acts naturally, we denote by G4 < Sym(A) the
action of G on the set A. A block system 9B is minimal if there is no nontrivial block
system B’ such that B < B’. Note that a block system 9B is minimal if and only if
G? is primitive.

A class of primitive groups that plays an important role in this work is the class of
Johnson groups, alternating and symmetric groups with their actions on t-element sub-
sets of the standard domain. For m € N we denote by A,, the alternating group acting
on the set [m]. For t < % let A be the action of A, on the set of t-element subsets

of [m]. Similarly, S5 denotes the action of Sy, on the set of t-element subsets of [m].

Let G < Sym(Q) and G’ < Sym(QY'). A homomorphism is a mapping ¢: G — G’
such that o(g)p(h) = ¢(gh) for all g,h € G. For g € G we denote by g¥ the p-image
of g. Similarly, for H < G we denote by H¥ the ¢-image of H (note that H? is a
subgroup of G').

A permutational isomorphism from G to G’ is a bijective mapping f : Q — Q' such
that G' = {f~'gf | g € G}, where f~1gf: Q' — Q' is the unique map mapping f ()
to f(a9) for all a € Q'. If there is a permutational isomorphism from G to G’, we
call G and G’ permutationally equivalent. A permutational automorphism of G is a
permutational isomorphism from G to itself.

2.2.2. Algorithms for permutation groups. We review some basic facts
about algorithms for permutation groups. For detailed information we refer to [31].

In order to perform computational tasks for permutation groups efficiently the
groups are represented by generating sets of small size. Indeed, most algorithms are
based on so-called strong generating sets, which can be chosen of size quadratic in
the size of the permutation domain of the group and can be computed in polynomial
time given an arbitrary generating set.

THEOREM 2.1 (cf. [31]). Let G < Sym(Q2) and let S be a generating set for G.
Then the following tasks can be performed in time polynomial in n and |S|:
compute the order of G,
given g € Sym(Q), test whether g € G,
compute the orbits of G,
given A C Q, compute a generating set for G(a), and
compute a minimal block system for G.

GU o=
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For a second group G' < Sym(Q') with domain size n' = ||, the following tasks can
be solved in time polynomial in n, n' and |S|:
6. given a homomorphism ¢: G — G' (given as a list of images for g € S),
(a) compute a generating set for ker(¢) = {g € G | ¢(g) = 1}, and
(b) given ¢ € G', compute an element g € G such that ©(g9) = ¢ (if it
exists).

2.2.3. Groups with restricted composition factors. In this work we shall
be interested in a particular subclass of permutation groups, namely groups with
restricted composition factors. Let G be a group. A subnormal series is a sequence
of subgroups G = Go > G1 & --- > Gy = {1}. The length of the series is k and the
groups G;_1/G; are the factor groups of the series, i € [k]. A composition series is
a strictly decreasing subnormal series of maximal length. For every finite group G
all composition series have the same family of factor groups considered as a multiset
(cf. [30]). A composition factor of a finite group G is a factor group of a composition
series of G.

LEMMA 2.2 (see [3, Lemma 2.2]). Suppose d > 6. Let G be a permutation group
of degree n such that G has no composition factor isomorphic to an alternating group
Ay of degree k > d. Then |G| < d" 1.

DEFINITION 2.3. Ford > 2 let fd denote the class of all groups G for which every
composition factor of G is isomorphic to a subgroup of Sy.

We want to stress the fact that there are two similar classes of groups that have
been used in the literature, both typically denoted by I'q. One of these is the class
we define as I'y introduced by Luks [24], while the other one used in [3] in particular
allows composition factors that are simple groups of Lie type of bounded dimension.

LEMMA 2.4 (see Luks [24]). Let G € Tyq. Then
1. H € Ty for every subgroup H < G, and
2. G¥ € 'y for every homomorphism ¢: G — H.

2.2.4. String isomorphism and Luks’s algorithm. In the following we give
an outline of Luks’s algorithm [24]. Our description of the algorithm as well as the
notation mainly follow [2].

Let r,9: Q — ¥ be two strings over a finite alphabet ¥ and let G < Sym(2) be
a group. For o € Sym(Q)) the string ¢ is defined by

for all & € Q. A permutation o € Sym(Q) is a G-isomorphism from rtoyif o € G
and 7 = 1. The string isomorphism problem asks, given r,9: 2 — ¥ and a group
G < Sym(Q) given as a set of generators, whether there is a G-isomorphism from ¢
to y. The set of G-isomorphisms is denoted by Isog(r,9) := {g € G | 9 = v}.

More generally, for K C Sym(Q2) and W C Q we define

(2.1) Isoy (r,9) = {g € K |Va € W:(e) = y(a?)}.

In this work K = Gg will always be a coset where G < Sym(Q2) and g € Sym(f2) and
the set T will be G-invariant. In this case Isoy (r, 1) is either empty or a coset of the
group Auty (¢) := Isol (¢,1), that is, Isoy (r,9) = Auty (r)o, where o € Isoly (x,1)
is arbitrary. Hence, the set ISO?(;,U) can be represented by a generating set for
Aut? (r) and an element . Moreover, using the identity

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Algorithm 1. Orbit-by-orbit processing.

1. K =G
2: fori=1,...,sdo
3: K = Iso%’ (r,9)
4: end for
5. return K
-1
(2.2) Isogr, (x,9) = Isoff (.97 )y,

it is actually possible to restrict ourselves to the case where K is a group.

We now describe the two main recursive steps used in Luks’s algorithm [24]. First
suppose G < Sym(2) is not transitive and let €q,...,8, be the orbits of G. Then
the strings are processed orbit by orbit as described in Algorithm 1.

Note that the set ISO% (r,9) can be computed making one call to string iso-
morphism over domain size n; = [€;|. Indeed, using (2.2), it can be assumed that
K < Sym(Q) is a group and §2; is K-invariant. Then

Iso% (r,) = {k € K | k% € Isogen, (2,9} .

Here, 1% (respectively, y*¥) denotes the restriction of the string r (respectively, 1)
to the set ©;. Having computed the set Isoge, (r%, %) making one recursive call to
string isomorphism over domain size n; = |€;|, the set Iso%' (r,9) can be computed in
polynomial time by Theorem 2.1. So overall the algorithm needs to make s recursive
calls to string isomorphism over domain sizes ni,...,ns.

For the second type of recursion let H < G be a subgroup and let T' = {g1,...,9:}
be a transversal for H. Then

(2.3) Tsog(r,9) = | Tsomg, (r,9).

1€[t]

In Luks’s algorithm this type of recursion is applied when G is a transitive group, B
is a minimal block system, and H = G (). Observe that G® is a primitive group
and t = |G®|. Also note that H is not transitive. Indeed, each orbit of H has size
n/b where b = |B|. Hence, combining both types of recursion the computation of
Isog(z, ) is reduced to ¢ - b instances of string isomorphism over domain size n/b. We
refer to this as the standard Luks reduction.

Now suppose G € T'y. The crucial step to analyze Luks’s algorithm is to determine
the size of primitive groups occurring in the recursion.

THEOREM 2.5 (see [3]). There exists a function f such that every primitive Ty-
group G < Sym(Q) has order |G| < nf(®).

Indeed, the function f can be chosen to be linear in d (cf. [20]). As a result,
Luks’s algorithm runs in time n®@ for all groups G € I'y.

2.3. Recursion. For the purpose of later analyzing our recursion, we record
some bounds.

LEMMA 2.6. Let k,n € N and suppose ny,...,ng < n/2 such that Zle n; < 2Fn.
Then Zle (%)k+1 <1.

Proof. For i € [{] define o; = “t. Observe that a; < % and Zle a; < 2k
Now suppose toward a contradiction that there are ¢ € N and nonnegative reals

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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i, ..., € R meeting these assumptions such that Zle af“ > 1. Pick £ € N,
A1,y...,0p G R such that

(1) o; < 1 forall i € [¢] and Zle a; <2k,

(i) S5 104k+1 > 1,

(iii) ¢ is minimal subJect to conditions (i) and (ii),

(iv) |{i € [] | oy = 1} is maximal subject to conditions (i)—(iii).
Then a; + o; > 5 for all i, € [(]. Let A= {i € [(] | a; # 3} and suppose |A4| > 2.
Let 4,5 € A be distinct. Then

1 k+1 1 k+1
k+1 k+1

which contradicts condition (iv). Condition (iii) implies a; > 0 for all 4. Hence,
(t-1)1 < ZZ L a; < 2% which implies £ < 251, Therefore, ZZ Lokt < 0(3 )k+1 <
1, contradlctlng condltlon (ii).
LEMMA 2.7. Let k € N and t: N = N such that
1. t(1) =1 and
2. for every n > 2 there are natural numbers £ € N and ny,...,ny < n/2 such
that t(n) < Zle t(n;) and Zle n; < 2Fn.
Then t(n) < n**+1 for alln € N.

Proof. The statement is proved by induction on n € N. For n > 1 it holds that

¢ ¢
k+1
OED MDD W raE Z (w) =
i=1 i=1
by Lemma 2.6. 0
LEMMA 2.8. Let k € N and t: N — N be a function such that t(1) = 1. Suppose
that for every n € N there are natural numbers ny, ..., ng for which one of the following

holds
t(n) t(n;) where Zz 1 ni < 2%n and n; <n/2 foralli € [f], o

<Yt
t(n) SZf t(n;) wherezzlnzgnand€>2
Thent() < nktl

Proof. The statement is proved by induction on n € N. For the first option it
holds that

¢ LH. & kL _ kb n; /c+1 ks
<3t < Y nk E()
i=1 =1

by Lemma 2.6. For the second case we have

¢ - Y, k+1
< Zt(m) < Z k+1 o (Z n@) < k1, 0
LEMMA 2.9. Let m,k > 1 and suppose k < 5. Then

(2.4) (7;:) o > mk.

Proof. Tt holds that

logm klogm
m m g
> > 2k10gm k.
(k) = (k) = " O
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3. The structure of primitive groups in f‘d. Recall that we denote by fd
the class of groups whose composition factors are all isomorphic to subgroups of S;.
In this section we will prove several properties concerning the structure of primitive
permutation groups in I'y with a focus on their size in relation to their degree and d.
More precisely, the goal of this section is to find a precise description of large primitive
groups in I'y. For the purpose of this work, a primitive permutation group G € I'y is
large if the order of G exceeds the term n@ogd) We shall prove that large primitive
permutation groups in I'y are composed of Johnson groups in a well-defined manner,
meaning that Johnson groups form the only obstacles to efficient Luks reduction. For
the proof we perform a case-by-case analysis following the well-known O’Nan—Scott
theorem that classifies primitive permutation groups into five types.

3.1. The O’Nan—Scott theorem. Let G be a primitive permutation group
acting on a set Q of size n. By the well-known O’Nan-Scott theorem (see, for exam-
ple, [12]) the group G has to be one of the following types. The socle of G, denoted
by Soc(G), is the subgroup generated by all minimal normal subgroups of G.

1. Affine groups. In this case there is a vector space V over a field of prime order p
such that G is isomorphic to a group H that satisfies V' < H < AGL(V), where V'
is the additive group of the vector space V. The socle N of the group is a transitive
abelian group (i.e., Z’; for the prime p and an integer k) and can be identified with V+.
Furthermore, the stabilizer Gy of the 0-vector is an irreducible linear group (i.e., it
does not have an invariant subspace).

IT1. Almost simple groups. In this case Soc(G) = T is a non-abelian simple group
and T < G < Aut(T).

ITL. Simple diagonal action. In this case Soc(G) = Ty X - -+ x Tk, where all T; are
isomorphic to some non-abelian simple group 7. Additionally, n = |T'|*~!, and the
stabilizer of some point « € €2 is a diagonal subgroup D < T} X - -+ X T}.

IV. Product action. In this case the set 2 can be identified with the k-tuples of
some set M. In particular n = |[M|¥. Furthermore there is some primitive group
P < Sym(M) of Type IT or IIT and a transitive group K < Sy such that G < P K.
The group G acts in the natural product action of the wreath product. The socle of
G is Soc(G) = T* where T = Soc(P).

V. Tuwisted wreath product action. In this case there is a transitive permutation
group P < Si and a non-abelian simple group T such that G = B x P, where B is
isomorphic to T*. Furthermore || = |T'|¥ and B acts regularly on ().

We analyze the structure of primitive fd—groups according to the distinction into
these five types. For each of them we will be interested in either a structural descrip-
tion or a bound on the size. To obtain such a bound we use the existence of small
bases.

DEFINITION 3.1. Let G < Sym(Q2) be a permutation group. A subset B C Q is a
base for G if G(py = {1}. We define the minimum base size as b(G) = min{|B| | B C

The base size is related to the order of the group by the equation 2°(%) < |G| <
b(G)
n\&),

3.2. Affine type. In the affine case we have a group Vt < G < AGL(V),
where V = IF’; and V't = Z’; is the additive group of V, such that the point stabi-
lizer Gy is irreducible. We say that a group Go < GL(k, p) acts primitively as a linear
group if it does not preserve any direct sum decomposition V=V, &--- & Vy, £ > 2,
of the underlying vector space V = ]F’;. For primitive affine groups in I'y we will
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draw conclusions using a characterization of [21, 22]. The characterization involves
quasisimple classical groups SL,(¢"), SU.(¢’), Sp,.(¢’), or ©,.(¢'). Recall that a group
is quasisimple if it is equal to its own commutator subgroup (i.e., perfect) and it is
simple modulo its center. With finitely many exceptions, the mentioned groups are
indeed quasisimple [8, Proposition 1.10.3].

THEOREM 3.2 (consequence of [21], [22]). There are constants ¢y, ca,c3 € N such
that the following holds. Let G < Sym(Q) be a primitive group of Type 1 such that G
acts primitively as a linear group. Then

1. b(G) < ¢y, or

2. G contains a quasisimple classical group of rank k, more precisely SLi(q’),
SUk(G), Spi(¢), or Qk(¢"), and b(G) < cok + c3, or

3. G contains an alternating group Ay and b(G) < calogk + c3.

Proof. Let G < Sym(2) be a primitive group of Type I such that Gy acts primi-
tively as a linear group.

Theorem 1 in [22] (which applies to G; see the comment after that theorem)
states that either b(G) < C or F*(Gy) < G contains [[}_, Alt(m;) - [Ti_, Clg, (g;)>
for some integers my, ..., ms,qi,...q (the group Gg is denoted by H? in [22]). Here
Cl(4,)(g:) is the normalizer of a quasisimple classical group, namely SLq,(¢"), SUq, (¢'),
Spg, (¢'), or Q4,(¢'). Furthermore Cl(4,)(g;)(>) is the last group of the derived series
of Cl(g,)(gi). Only finitely many of the groups SLg,(¢"), SUq,(q"), Spy, (¢'), or Qq4,(q")
are not perfect. Thus, by referring to case 1 for the finitely many exceptions, we can
assume that Cl(di)(qi)(‘x’) contains SLg,(¢"), SUq,(¢"), Spg,(¢'), or Qq4,(¢).

Proposition 2 in [22] states further that either b*(Go) < 9d; + 22 for some i € [s]
or b*(Go) < 3log, m; + 22 for some i € [t]. Also b(G) < b(Go) +1<b*(Go) +1. O

LEMMA 3.3 (see [11], [17]). Let G € Ty be a simple group of Lie type of rank k
or one of the quasisimple classical groups SLy(q"), SUL(¢"), Spir(q"), or Qx(q"). Then
k= 0(logd).

Proof. Note that by our definition of fd, a simple group is in fd if and only if it is
a subgroup of Sy. To prove the lemma it thus suffices to show that the smallest d(k)
for which Sg(x) contains a simple group of Lie type of rank k is exponential in .

Cooperstein [11] lists the minimum degree of a permutation representation of the
mentioned quasisimple classical groups. They are all exponential in the rank k. In [17]
the minimum degree of a permutation representation is listed for all simple groups of
Lie type. Likewise they are exponential in k. a0

THEOREM 3.4. Let G € fd be a primitive permutation group of degree n of Type
I. Then b(G) = O(logd) and therefore |G| = n®Usd),

Proof. Let G € fd be a primitive permutation group of Type I. This implies that
the point stabilizer Gy < GL(k,p), where p¥ = n, is an irreducible linear group. It
suffices to show that b(Gy) € O(logd) since b(G) = b(Gp) + 1.

If Gy is primitive as a linear group this follows by assembling Theorem 3.2 and
Lemma 3.3: indeed, if G is in case 1 of Theorem 3.2 the claim is obvious. For case 2
we see that b(G) < cok + c3 € O(logd) by the lemma and for the last case we know
that b(G) < calogk + c3 € O(logd).

Now suppose that G is irreducible but imprimitive. Then Gy can be written
as P U H for some primitive linear group P < GL(k/¢,p) and transitive group H
that permutes ¢ subspaces Vi, ...,V of V¥. By [13, Lemma 4.2(a)] there is a set By
of O(log d) points in V* such that for the pointwise stabilizer we have (Go)(p,) < P*.
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We now follow the techniques from section 6 of [13]. Since P is a primitive linear
group, by the first part of the proof there is a base {x1 ..., z;} of P of size t = O(logd).
Let b; be the point (z;,z;,...,x;) in Vi X Vo X --- x V. Then By = {by,...,b;} is a
base of P*. If follows that By U By is a base for Gy of size at most O(logd). O

3.3. Nonaffine type. For a group G we denote by Out(G) the outer automor-
phism group of G. It is well known that | Out(Sy,)| = 1 and | Out(4,,)| = 2 for all
m > 6.

LEMMA 3.5. Let G be a non-abelian simple group. Then | Out(G)| < O(log |G)).

Proof. For finite simple groups of Lie type, this follows by inspecting Tables 5
and 6 in the Atlas of Finite Groups [10]. In Table 5 the size of the outer automorphism
group is given as the product d - f - g which, according to Table 6, is logarithmic
in the size of the group for each simple group of Lie type. For alternating simple
groups the statement is obvious. The values for the sporadic groups disappear in the
O-notation. |

Recall that for t < 7 we denote by Ag,? be the action of the alternating group

A, on the set of t-element subsets of [m].

THEOREM 3.6 (see Liebeck [19]). Let G < Sym(f) be a primitive group and
suppose N = Soc(QG) is simple. Then one of the following holds:
1. N is permutationally equivalent to Ag,t@) for some m € N and t < 7,
2. N is permutationally equivalent to A, acting on the set of partitions of [m]
into subsets of size b (for some b < m),
3. N is a classical simple group acting on an orbit of subspaces of the natural
module or pairs of subspaces of complementary dimension, or

4. |G| < nY.

We will not exploit the structure of the action of IV in case 3 of the theorem and
rather only use that N is a simple group of Lie type.

LEMMA 3.7. Let G < Sym(Q2) be a primitive fd—group of Type II. Let N =
Soc(G). Then one of the following holds:
1. N is permutationally equivalent to A%) for some m < d and t < % and
|G:N| <2, or
2. |G| = nOUoEd).

Proof. The proof is based on Theorem 3.6. First suppose N is permutationally
equivalent to AEf) for some m € N and t < % Note that m < d since N € fd by
Lemma 2.4. Furthermore |G : N| < | Out(N)| < 2 since N is an alternating group (in
case m < 6 the second option is satisfied).

Next consider the case that N is permutationally equivalent to A,, acting on
partitions of [m] into subsets of size b. Again, m < d and |G : N| € O(1). In this case

n= #ja!, where a - b = m. Using Stirling’s approximation it can be calculated that

n = 220" Hence, [N| < m™ = n@Uos™) = nOUogd) and consequently |G| = n©0osd),

It remains to analyze the third case. It suffices to show that |[N| € n©Uoed)
since then |G| < |N||G : N| < |N||Out(N)| < [N|O(log(|N])) € n®eed  For this
let o: N — Sz be a permutation representation of N with d’ as small as possible.
Then d’ < d and d’ < n. Moreover, being minimal, the action is faithful and primitive
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since N is simple. Not being an alternating group, the group N is not a Cameron
group? and we conclude |N| < (d')1+18 (@) ¢ pOUogd) [9 2], d

LEMMA 3.8 (sce [13]). Let G € Ty be a primitive group of Type I11. Then b(G) <
20+ 1 and thus |G| < n**! € n©08d) where £ := max{5, [logd]}.

Remark on the proof. While not explicitly stated in [13], the lemma is implicit
from [13, Lemma 4.2(c)] and the comment in section 6 on Type III(a) in [13]. (We
advise that the types in that paper do not agree with ours.) 0

LEMMA 3.9. Let G < Sym(Q)) be a primitive Ty-group of Type IV. Let N =
Soc(G). Then one of the following holds:

1. G < PUK is a wreath product in the product action of a transitive group

K < Si in Ty and a group P of Type 11 with a socle T permutationally

equivalent to Aﬁ,? for some m < d and t < '3, and N is isomorphic to Tk
with |G : N| < nitlogd op

2. |G| = nOlozd),

Proof. If G € fd is of Type IV, then G < P K for some primitive group P <
Sym(M) and a transitive group K < S;. Observe that both P € I'y and K € T'y.
Let H = P*. Then |G : H| = |K| < dF~! < 2klogd < plogd by [Lemma 2.2. Moreover
|G| < nlogd . |P|k:

In case |P| = |M|90°8d) we thereby conclude |G| < n'og? . (|M|CUosd))k —
n@0ogd)  Thus, by Lemmata 3.8 and 3.7, it suffices to consider the case where P is
a primitive group of Type II which satisfies part 1 of Lemma 3.7. That is, the socle
T = Soc(P) of P is permutationally equivalent to A%) for some m < d and t < %
and |P: T| < 2. Note that N =T* < P¥ = H. Thus, |G: N|=|G: H|-|P: Tk <
nlogd . 2k < n1+10g d' 0

LEMMA 3.10. Let G € Ty be a primitive group of Type V. Then |G| < nitlosd,

Proof. For a primitive group G of Type V, a primitive twisted wreath product,
there is a transitive group P < Sy and a non-abelian simple group 7' such that
G = T* x P. Moreover, n = || = |T|* and thus k& < log(n). Note that P € Ty
since T'y is closed under subgroups and thus |P| < d*~! by Lemma 2.2. We conclude
that |G| = |T*|- |P|=n-|P| <n-d" 1 <n.doen =pnltled 0

3.4. Structure theorem for primitive groups in f‘d. Having analyzed the
structure of large I'g-groups for all five types of primitive groups we now combine
those statements into a structure theorem. For this, we need two auxiliary lemmata.

LEMMA 3.11. Let G < Sym(Q) be a transitive group and o € Q. Then

B, ={BeqQ| % ={8}}

forms a block of G.

Proof. Let R = {(a, B) € Q2 | B% = {B}}. Clearly the relation R is reflexive and
transitive. Suppose that («,3) € R. Then G, < G. Moreover, |G,| = |G|/|a“| =
|G|/|8€| = |Gp| since G is transitive. It follows that G, = G and thus, (3,a) € R.
So R is also symmetric and hence R is an equivalence relation.

2Cameron groups form a collection of primitive permutation groups that exactly characterize
primitive permutation groups of size greater than n'T1°8” (for n sufficiently large) [9, 26]. We
shall not formally define Cameron groups in this work and rather only remark that the only simple
Cameron groups are alternating groups (not necessarily in their standard action).
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Now let (o, 3) € Rand g € G. Then (a9, 39) € R because Gs = g~ *Gog. Thus,
R is invariant under GG and the partition into equivalence classes forms a block system
for G. ]

LEMMA 3.12. Let P < Sym(Q2) be a nonregular primitive group and k > 2. Let
B be a block system of P* with its natural action on QF. Then there is some I C [K]
such that

B = {{(1,...,o0) €| VieTl: a;=0}|(Bi)ier € QY.

Proof. Let B € B be a block and let I = {i € [k] | |m(B)| = 1}, where
mi(B) = {a; | (a1,...,a;) € B}. For every i € I suppose m;(B) = {f;}. It suf-
fices to show that B = {(a1,...,a;) € QF | Vi € I:a; = B;}. Let j € [k]\ I
and let (ag,...,ax),(af,...,a}) € B such that a; # o}. Since G is nonregular and
primitive there is some g € G, such that (a;)? # o’ (see Lemma 3.11). Note that
(ah,.. 0y, (@))%, ,00) € B. Let A ={a € Q| (a),...,0) 1,00 ,0}) €
B}. Since A forms a block of P and |A| > 2 we get that A = Q. This implies that
B={(ai,...,ar) €QF |VieI: a; =} O

Let G < Sym(f2) and let B,B’ be two G-invariant partitions such that B < B’.

Consistent with our previous notation we denote by G?B] the natural induced action
of Gg on the set B[B] for all B € B'.

THEOREM 3.13. Let G < Sym(Q) be a primitive fd—group. Then one of the
following holds:
1. |G| < nerlegdtez for some absolute constants cy,ca, or
2. for the normal subgroup N = Soc(G) < G there is a sequence of partitions
{Q} =981 > - =B, ={{a} | « € Q} such that the following holds:
(a) |G : N| < nltlosd,
(b) B, is N-invariant for every i € [k], and
(c) there are m < d and t < g with m > 4logs where s = (T) such that
for alli € [k — 1] and B € B; the group Ngi“[B] is permutationally
equivalent to AS,?.
Moreover, there is a polynomial-time algorithm that determines one of the options that
is satisfied and in case of the second option computes N and the partitions B, ..., Bg.

Proof. First suppose G is a primitive group of Type I, III, or V. Then 1 holds;
the claimed bound on the group size follows from Corollary 3.4 and Lemmata 3.8 and
3.10, respectively. So it remains to consider primitive groups of Types II and IV.

Let N = Soc(G) be the socle of G. Suppose G is a primitive group of Type II.
Then by Lemma 3.7 we conclude |G| = nCUogd) or N is permutationally equivalent
to AY) for some m < d and t < 2 and |G : N| < 2. In case m < 4log () = 4logn,
it holds that |N| < m™ < ntleem < ptlogd and thus |G| = n©U1°e4) . In case m >
4log () we set By = {2} and By = {{a} | @ € Q}.

Next assume G is of Type IV. By Lemma 3.9, G < P! K is a wreath product in
the product action for a transitive group K < Si in I’y and a group P < Sym(M) of
Type II with a socle T' permutationally equivalent to Agﬁ) for some m < dand ¢t < 7,
and N is isomorphic to T* with |G : N| < n!*l°8d Moreover, in case m < 4log | M| we
have |T| < m! < |M|*1°¢™ and hence |N| < n*!°8?. This implies that |G| = n©0°8d)
so we can assume m > 4log |M| = 4log (7).

Observe that, since the wreath product is in the product action, an element h =
(p1,...,pr) € P¥ acts on an element (my,...,my) € M¥ = Q via (mq,...,mp)" =
(mf*,...,mp*). For i € [k + 1] define
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By = {{(my,...,my) € M* |Vj < i: mj =mj}|mi,...,m;_; € M}.

Clearly, 9B; is an N-invariant partition for all ¢ € [k + 1]. Observe that NB?”I[B]
is permutationally equivalent to T for all ¢ € [k], which itself is permutationally
equivalent to Agﬁ).

We describe a polynomial-time algorithm as required by the theorem. Note first
that |G| can be computed in polynomial time, so option 1 can be detected. Also note
that the socle of a group is a normal subgroup and can be computed in polynomial
time (see [16]).

The algorithm now sets B; = {Q}. To compute B;;; from B; we choose an
arbitrary block B € 98, and compute a maximal block B’ within B, that is a block
that is inclusionwise maximal with the property that B’ C B. We set B, = (B')V.

Note that, up to permuting the coordinates, by Lemma 3.12 the block systems
described above are the only block systems of N. Hence every sequence of block
systems {Q} = By = -+ = By = {{a} | @ € Q} that cannot be extended has the
desired properties.

Finally note that the algorithm is also correct for groups of Type II, since then NV
is primitive and we get the sequence B; = {Q} and By = {{a} | a € Q}. O

Remark 3.14. Let T'y denote the family of groups G with the property that G has
no alternating composition factors of degree greater than d and no classical composi-
tion factors of rank greater than d. (There is no restriction on the cyclic, exceptional,
and sporadic composition factors of G.) While the class fd considered in this paper
follows the original definition of Luks [24], most of the recent literature is concerned
with the more general class of groups I'y [3, 13]. The reason is that many results that
can be proved for the class fd indeed carry over to the more general class of groups
T'y. We want to stress the fact that this is not the case for the results presented in this
section. Indeed, consider the affine general linear group G = AGL(d, p) of dimension
d (with its natural action on the corresponding vector space). Then G is a primitive
group of affine type and |G| = n%(¥ where n = p? is the size of the vector space. For
this group Theorem 3.13 does not hold. The group G is contained in the class I'q,
but it is not contained in I';.

4. Almost d-ary block system sequences. In the previous section we essen-
tially proved that the only obstacles to efficient Luks reduction are Johnson groups,
which is very similar to Babai’s quasipolynomial-time algorithm. Hence, the natural
approach to tackle the obstacle cases seems to be an adaption of the techniques in-
troduced by Babai [1, 2]. However, there is an intrinsic problem. The group-theoretic
methods forming the basis for Babai’s algorithm rest on a group-theoretic statement,
the unaffected stabilizers theorem, for which the natural adaption to our setting does
not hold (cf. [1, Remark 8.2.5]). To remedy this problem we introduce a preprocessing
step that reduces the string isomorphism problem for fd—groups to a more restricted
version of this problem. In this restricted version, the group is equipped with a se-
quence of block systems satisfying a particular property defined as follows. (Recall
that a permutation group G < Sym(f?) is semiregular if G, = {1} for every a € Q.
Also remember that, for G-invariant partitions B < B’ and B € B’, we denote by
Gg[B] the natural induced action of Gg on the set B[B].)

DEFINITION 4.1. Let G < Sym(Q2) be a permutation group. A G-invariant se-
quence of partitions {Q} = Bo = -+ = By, = {{a} | a € Q} is called almost d-ary if
for every i € [k] and B € %B;_1 it holds that

B,(B] . )
1. Gz is semiregular, or
2. |%Bi[B]| < d.
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The sequence is called d-ary if the second property is satisfied for every i € [k] and
BeB; ;.

A simple but crucial observation is that such sequences are inherited by subgroups
and restrictions to invariant subsets.

Observation 4.2. Let G < Sym(Q2) be a group, and let {2} =By > --- = B, =
{{a} | @ € Q} be an (almost) d-ary sequence of G-invariant partitions. Moreover,
let H < G. Then By > --- = B, also forms an (almost) d-ary sequence of H-
invariant partitions. Additionally, for an H-invariant subset A C Q it holds that
Bo[A] = -+ = B,,[A] forms an (almost) d-ary sequence of H*-invariant partitions.

For groups equipped with an almost d-ary sequence of partitions it is possible to
give a natural variant of the unaffected stabilizers theorem which, in turn, allows for
an adaption of Babai’s algorithmic techniques to give an efficient algorithm deciding
string isomorphism for this type of group.

The goal of this section is to describe a reduction that, given an instance of string
isomorphism for I'g-groups, computes a new equivalent instance, in which the per-
mutation group is equipped with an almost d-ary G-invariant sequence of partitions.
This reduction runs in time nP°¥1°8(4) and builds on the classification of large primi-
tive groups obtained in the previous section. We shall then see in subsequent sections
that the string isomorphism problem for groups equipped with such a sequence can
be solved in time nPolos(d)

4.1. The high-level idea. The central idea for the reduction is to change the
action of the permutation group G. More precisely, we shall construct a new per-
mutation domain * and consider an action of the group G on the set 2*. Indeed,
the set 2* will be larger than the original permutation domain §2. Note that this is
acceptable for our purposes as long as |Q*| < |Q[Pelvlos(d),

Let us first illustrate this on a high level for the special case that G is a primitive
group. Using the characterization of primitive I'4-groups given in the previous section
we have to distinguish two cases. First suppose that |G| < n°t1°8d+ez for some
appropriate absolute constants c1,ce. Now define 2* = G x 2. Then g € G acts on
Q* via

(h,@)? = (hg,a?).
Let G* < Sym(Q*) be the permutation group obtained from the action of G on the
set Q*. Tt is easy to check that G* is semiregular. Also note that |Q*] < n©Uosd),
Of course we also need to transform the strings. For a string r: Q@ — X define
*: Q* = ¥: (h,a) — r(a). Note that no information is lost in this transformation.
Indeed, it can be verified that two strings r,t) are G-isomorphic if and only if t* is
G*-isomorphic to n*. So this gives us the desired reduction.

Next, let us consider the more interesting case that G satisfies property 2 of
Theorem 3.13. Let N = Soc(G). Then, in a first step, we consider the set Q* =
G/N x Q. An element g € G acts on Q* via

(Nh,a)? = (Nhg,a?).
Let G* = G < Sym(§2*) denote the permutation group corresponding to the action
of G on Q*. Now the crucial observation is that B = {{(Nh,«a) | « € Q} | h € G}
is a G*-invariant partition. For every B € ‘B, it holds that (G*)g is permutationally
equivalent to N, and the group (G*)?® is regular. Note that again [Q*| < n©Uogd),

Also, the strings can be transformed in the same way as before. Hence, it remains to
consider only the group N.
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Finally, for an intuition on how the group N is transformed suppose for simplicity
that N = Aﬁ,?. The group A,, has another action closely related to the action Ag,t@)
on the t-element subsets of [m], namely the action on the set [m]*) of all t-tuples
with distinct entries. A crucial difference between these actions is that the action
on the tuples is not primitive. Indeed, fixing more and more coordinates, we get the
following sequence of partitions. For ¢ = 0,...,¢ let

B: = {{(a1,...,a;) € [m]) | Vj <i:aj=b;}]| (bi,...,b) € [m]D}.

Let N* be the action of IV on the set of ordered t-tuples with distinct entries. For
every ¢ € [t] the partition B is N*-invariant and for every B € B} ; it holds that
|B%[B]] < m < d. Moreover, with every element @ € [m]¥) we can associate the
underlying unordered set of elements. This way, we can also transform the strings in
a way similar to before. Also note that the set [m]‘*) is only slightly larger than (T)
(cf. Lemma 2.9).

In the following we describe this reduction for general groups. Analogous to this
high-level description we proceed in two steps.

4.2. First step.

THEOREM 4.3. Let G < Sym(Q) be a transitive fd—group and let r,9: Q — X
be two strings. Then there is a set Q*, a fd—gmup G* < Sym(Q*), two strings
9" QF = X, and a sequence of partitions {0} =B = - = B = {{a*} | a* €
O*} of the set Q* such that the following holds:

L. || < nerlesdteatl for some absolute constants cy,ca where n = €,
2. G* is transitive,
3. B¥ is G*-invariant for all i € [k],
4. r =g v if and only if t* =g+ v*, and
5. for every i € [k] and B € B}_, it holds that
(a) (G*)gﬁB] is semiregular, or
(b) (G*)?HB] is permutationally equivalent to A% for some m < d and
t <2, where m > 4logs for s = (7).
Moreover, one can compute all objects in time polynomial in the size of .

We remark that the constants required for property 1 are precisely the constants

from Theorem 3.13, option 1.

Proof. Inductively, by changing the action of G, we transform a sequence {2} =
By > --- > By for which the last partition is not discrete into a sequence {2*} =
B = --- = B} such that the blocks in B} are smaller than the blocks in B,.

More precisely, let {2} = By = --- = By be a sequence of G-invariant partitions
such that property 5 holds for all ¢ < ¢ with respect to the group G, i.e., for all i € [{]
and B € 9,_1 it holds that

(A) Gﬁi[B] is semiregular, or

(B) G?[B] is permutationally equivalent to A for some m < d and t <

where m > 4log s for s = (m)

Let ¢ = |B| for some (and theretfore every) B € B, and suppose ¢ > 1. We show
that there is a set Q*, a fd—group G* < Sym(Q*), two strings t*,p*: Q* — X, and a
sequence of partitions {Q*} = Bf = --- = B} of the set Q* and natural numbers b, p
with b > 1 and b - p = ¢ such that the following holds:

(1) |Q*| <n- e logd+027

(ii) G* is transitive,

m
29
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(iii) B} is G*-invariant for all i € [k],
(iv) |B| < p for all B € B},
(v) r =g v if and only if * =g+ p*, and
(vi) for every i € [k] and B € B}, it holds that
(a) (G*)?HB] is semiregular, or
(b) (G*)gi[B] is permutationally equivalent to A{Y) for some m < d and

m

t < 3, where m > 4log s for s = (t)
Moreover, one can compute all objects in time polynomial in the size of 2*. Then the
statement of the theorem follows by a simple induction.

Let By11 < By be a G-invariant partition such that G?“[B] is primitive for
every B € B,. Note that such a partition can be computed in polynomial time
by computing a maximal block B’ of the group GE (where B € 9B, is arbitrary)
and setting By = {(B')? | g € G}. Let b = |B,41[B]| for some B € B, and

p=q/b=|B| for B' € By,;. For B € By let GB = Go ") and let

(4.1) NE = Soc (GB) if |GB| > berlesdtez and
’ {1} otherwise.

Note that N® < GB. By Theorem 3.13 it holds that |[GP : NB| < perlogdtez  Ag
described above the main idea is now to act on the set of cosets of NZ in GB. The
main difficulty in defining this action is that there are multiple blocks each equipped
with a set of cosets on which the action needs to be defined in a consistent manner.
Let
Q= |J ({N®h|heG”} xB).
BeB,

Note that |Q*| < n - br!8d+e2 and hence property (i) holds. In order to define the
action of G on the set 2* we first fix a set of elements mapping the blocks in B, onto
each other. Suppose By = {Bj,...,Bs}. Fori = 2,...,s let 01,; € G such that
By~ = B; and let 0;_,; = 1 (the identity element). Since the groups G are defined
on the domain B,14[B] it is actually convenient to define group elements 775, over
the same domain. Let

7151 = (015" |, (B1]
(that is, we consider the natural action of o1_,; on B,y; and restrict the domain to

the set By 1[B1]). Note that the image of 575; is precisely B,41[B;]. Moreover, for
i,7 € [k] let

— -1
Oij—j = 01—i Ol—j-

Note that 7;5; = G- and 055, 0,5, = 0i»r. Additionally, for every element
g € G we introduce a similar notation defining

96) = (Q%EH) |‘Bé+1[3i]'
Now the group G acts on the set Q* via
(NBih,a)? = (NBih)9,a9),

where a € B; and, choosing j such that B; = BY,

(NPih)9 =775 " (NP h)gG).
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To argue that this is well-defined we need to argue that (NBih,a)9 € Q*. For this
first note that

Timy (NP h)ga) =7is; NP TS o, g
= NBj Ui—>j 71}1%.
Observe that o, *1hm € GBi and a9 € B;. It follows that (NBih, )9 € Q.

We also need to argue that we really defined an action of G on Q*. For this let
9,9 € G and a € B;. Pick j,r € [s] such that B} = B; and B = B,. Note that

B, = B{%"). Then

(NBih7 a) (99")

(Ui—>r -t (NB”h) (99’)(1‘)704(99,))
(Jj%r _10iﬁj -t (NBih) 9@) QEj)a (ag)g/)

/

= (@i (NVPh) g3, o)’
= ((NBlh,Oé)g)g .

Now let G* = G be the induced action of G on Q* (at this point G* may not be
transitive; this is fixed later). Also, for g € G, let g* = ¢*". For a string r: Q@ — %
we define the string r*: Q* — X: (NBh, a) — 1(a).

CrLAM 4.4. For every g € G it holds that t9 = v if and only if (;*)g* =p*.

Proof. Let g € G. For the forward direction, suppose that p9 = y, that is,
t(a) = y(a9) for all @ € Q. Then *(NPh,a) = r(a) = y(a?) = v*(NBh)Y,a9) =
9*((NBh,a)?") and hence (1*)9 = p*.

For the backward direction, suppose that (;c*)g* =n*. Let « € Q and let B € B,
such that & € B and let h € GB. Then r(a) = *(NPh,a) = 9y*((NPh,a)?) =
p*((NPh)?,a%) = y(a?). Sor? =y. 0

Next, we define the desired sequence of partitions. For i € [¢] let

B = U {N°h|heGP}xB|B e,
BeB,: BCB'
It is easy to check that B} is G*-invariant for all i € [¢]. Moreover, G®¢ is per-

mutationally equivalent to (G*)fBZ via the permutational isomorphism f: B, — B

where
f(B)={NBh|hecGP}xB

for all B € B,. As a result G®i is permutationally equivalent to (G*)%: for all i € [¢].
In particular, property (vi) holds for all ¢ € [¢].

Now we distinguish two cases. First suppose !GBI < perlogdter where b =
|B41[B]| for some (and therefore every) B € B,. Recall that NP = {1} in this
case. Let

B;,, = {{NPh} xB' | he G®,B € B,,B' € B, with B’ C B}

and set k = £+ 1. Clearly, B, , is G*-invariant and |B*| < p for all B* € Bj,,. Now
consider the group

(@)% = @)
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for B* € B}. It is easy to check that (G*)B* is permutationally equivalent to G =

G?“[B} with its natural action on the set G® x %B,,,[B] (acting regularly on the

first component) where B* = {N®h | h € GP} x B and B € B,. Hence, (G*)B* is
semiregular. So it only remains to argue that (ii) holds. Indeed, the group G* is
not necessarily transitive. Let A* C Q* be an orbit of G*. Then, by restricting all
partitions and the two strings to A* the group (G*)A* satisfies all required properties.
This is trivial for all properties but (v). For property (v) note that G is transitive.
So for every a € €2 there is some element a € A* whose second component is «. This
is all we need to prove a variant of Claim 4.4 where we restrict the strings and the
group to the set A*.

In the other case |GF| > b= 1°gd¥ez and NB = Soc(GP). We consider the block
By € B, (recall that in the beginning of the proof we fixed a numbering of the blocks
in B, and elements o1_,; mapping the first block to the ith block). By Theorem
3.13 there is a sequence of partitions {By41[B1]} = Po = -+ = P, = {{B'} | B’ €
Byi1[B1]} such that

(I) P; is NBi-invariant for every i € [t], and

(IT) there are m < d and t < % with m > 4log s where s = (T) such that for all

i € [t] and P € P, the group (NBl)?'[P]
AL

is permutationally equivalent to

Let
By, ={{Nh} xB|heG” BeB,}

and for i € [t] let

Bl 14 = {{Nth} X ( U (B/)Jl_”)

B'eP

heGBije [s],Pen}.

We set k = ¢ + 1+ t. First note that |B*| < p for every B* € B%. We argue that
B, 1., is a G*-invariant partition for i € [t]. Let B* € B, ,,, and g* € G* such
that (B*)g* N B* # (. Let g € G be the element corresponding to g* and suppose

B = (N} x ( U (B’)f’m) ,

B'eP

and let B = B;. Due to the action on the first component (i.e., the action on NZh)
we conclude that g € Gp and ¢®+[Bl ¢ NB. Since P; is NP -invariant we conclude
that (B*)9" = B*. Hence, By, 1, is a G*-invariant partition.
B, ,[B*] . . .
Moreover, (G*)Bf“[ Vis semiregular for every B* € B} and, for every i € [t]
and every B* € Bj,,, the group (G*)gf““[B s permutationally equivalent to
(NBI)?[P]. To see this first observe that B7,,,, = {{NPh} x B' | B € B,,B €
By11,B" C B,h € GP}. Let B* € Bj,, and suppose B* = {NPh} x B, where
B € %By. For every g* € (G*)p~ it holds that (NPh)9 = NBh, where g is the element
) B 1. .
corresponding to g* and thus g®¢+115l € NB. Hence, (G*)Bf““[B lis permutation-
ally equivalent to NZ. Translating the sequence of partitions Pi, ..., P; for N& back
then gives the sequence of partitions described above.
Finally, as in the previous case, if the group G* is not transitive we restrict the
group (along with strings t* and y*) to one of its orbits. d
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4.3. Second step. For the second step we require the following auxiliary lem-
mata. The first one is implicitly given in [7, section 4].

LEMMA 4.5 (see [7]). Let G < Sym(Q) and suppose G is permutationally equiv-
alent to Ag,? or S,(,tl) form > 4logn and t < 7. Then a permutational isomorphism
p: Q= ([T]) can be computed in polynomial time.

[T]
morphism of A,(ﬁ). Then v is induced by a unique permutation o € Sy, that is,

X7 =X ={a |z € X} for every X € (})).

LEMMA 4.6. Let m > 7 and suppose vy € Sym(( )) is a permutational auto-

Proof. Every nontrivial permutational automorphism of AS;) gives a unique non-
trivial automorphism of A, (as an abstract group) and every element o € S, induces

~

a permutational automorphism of A% . Since Aut(A,,) 28, (for m > 7) the state-
ment follows. o

THEOREM 4.7. Let G < Sym(RQ) be a transitive Ty-group and let t,n: Q — ¥
be two strings. Then there is a set Q*, a fd-group G* < Sym(Q*), two strings
™, 0% QF = 3, and a G*-invariant almost d-ary sequence of partitions {Q0*} = B >~
=B = {{a*} | a* € Q*} of the set Q* such that the following holds:

1. |Q*| < nle logd+cQ+1)logd, and
2. t =g v if and only if t* =g+ v*.
Moreover, one can compute all objects in time polynomial in the size of .

Proof. By Theorem 4.3 we can assume that there is a sequence of G-invariant
partitions {Q} = By = --- = B, = {{a} | a € Q} such that for every i € [¢] and
B € B;_1 it holds that

(A) Gﬁi[B] is semiregular, or

(B) G?[B] is permutationally equivalent to AY for some m <dandt <

where m > 4log s for s = (77)

Actually, using Theorem 4.3, the abtove condition can be achieved only by increasing
the size of the set €2 as described in Theorem 4.3, property 1. We argue that under the
above assumption the set Q* constructed in this proof has size at most n'°6? which
in combination with Theorem 4.3 results in the desired bound given in 1.

In order to get almost d-arity, we need to worry about those blocks that satisfy

item (B). Let

m
29

I= {z €] |3IBeB;_1: Ggi[B] is permutationally equivalent to Agf;)}

Note that for B, B’ € 98,_1 the groups G?iw] and Gﬁf B are permutationally equiv-
alent. So the existential quantifier in the definition of the set I can also be replaced
by a universal quantifier.

Forie I and B € B,_1 let p; g: B,;[B] — ([7;”]) be a permutational isomorphism

from G?[B] to Ag,t%) Note that such a p; g can be computed in polynomial time by
Lemma 4.5. Let I' = (V(T'), E(T')) be the directed graph with

v = U %iU{(i,B,X)iGI,BG%i_l,XG([mi]>}

. <t
1€{0,...,0}
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Q

(1,2,{1})

{1} {2} {3 {4 {5} {6} {7} {8} {9}

Fia. 1. A visualization of I'. Here Q = [9], k = 3, and Bo = {Q}, B1 = {{1,2,3},{4,5,6},
{7,8,9}}, B3 = {{1},...,{9}}. PFurthermore, I = {1,2}, m; = 3, and t; = 2; we ignore the
condition t; < m;/2 for illustration purposes.

and

((i,B,X),(#,B,X")) € E(I) = i=i AB=B'AXCX A|X'\X|=1,
(B,(i,B',X)) € E(I) & B=B'AX=0),
((i,B,X),B)e EI) = |X|=t; AB' € B, AB'CBAppB)=X,
(B,B')€ E(T) & Jie[f)|\I:BeB;_AB €8, \B' CB.

We regard vy == Q € Bg as the “root” of T’ (v is the unique vertex with in-degree 0
in T'). An illustration of the graph I is given in Figure 1.

A branch of (T',vp) is a path (vo, v1, . .. ,vp) such that dist(vo, v;) = @ for all i € [p].
A mazimal branch of (T',vp) is a branch of maximal length. Observe that for every
maximal branch (vo,v1,...,vp) it holds that v, = {a} for some oo € Q. Let M be the
set of maximal branches of (', vp).

CLAIM 4.8. |M| < nlogd,

Proof. We can view the sequence of partitions 28; as a tree of height /. Each leaf
of this tree corresponds to an element o € 2.

The graph I' is obtained from the partition tree by squeezing subset lattices of
the (< t;)-element subsets of [m;] between some internal node of the tree and its (T’)
children. Counting the number of branches in I amounts to counting the number of
leaves in the tree unfolding of I'. To obtain the tree unfolding, we replace each of
the subset lattices of size (712) by a tree of size m!". For a fixed subset lattice every
element X C [m;] of size t; corresponds to m!/ (’Z) many tuples in the tree unfolding.
Hence,
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e T (e ())

logd—1
<n- H ( > by Lemma 2.9

)™

logd—1
n- (H |%i—1 : %1>

iel
< nlogd. O

IN

For every branch ¢ = (vg,...,vp) € M define 0(v) = « for the unique o € Q
such that v, = {a}. Now let Q* = {(0,?) | @ € Q,9 € M,a = o(0)}. Clearly,
|Q*| = |M| < nl°ed by Claim 4.8. Let *: Q* — 3: (o, 0) = r(a) and y*: Q* —

¥ (0, 0) = p(a).
For g € G define g € Sym(V(I')) to be the permutation defined by

Ble") = po

and .
(i, B, X)) = (i, B, X"),

where X' is defined as follows. Let ¢%:[5l: %;[B] — 9B,[BY]: B’ — (B’)? and define

f: <[mz}> _ ([mz]) YN YP;JIB . gBilBl " piBY
t; t;

The bijection f € Sym(([m’])) is induced by a unique permutation 7w € S,,, (see
Lemma 4.6). Now define X’ = X,

CLAIM 4.9. For every g € G we have g*' € Aut(T, vp).

Proof. Clearly, the root of the graph I' is mapped to the root. For the edge relation
we consider the four types of edges one by one. First suppose (B, B’) € E(T') for some
B € Bi_1, B € B, such that B' C B and i ¢ I. Then (B, B")¢") = (B9, (B')9),
where BY € B,_y, (B')9 € B, and (B')? C BY. Hence, (B, B')(¢") ¢ B(I).

Next suppose ((¢,B,X),(',B’,X")) € EI'). Then ¢ =i, B =B, X C X',
and | X'\ X| = 1. Let m ' € Sy, such that (i,B,X)¢) = (i, B9, X™) and
(i ,B’,X’)( Y = (¢, (B ) (X))™). From B = B’ it follows that 7 = .
X7 C (X) and |(X)7 \ X7 = 1. So (6, B, X)), (", B, X")(*")) € B(D).

So assume that (B, (i,B’,X)) € E(I"). Then B = B’ and X =0. Let 7 € Sy,
(B')9,X™). But X™ = (™ = () and B9 = (B')9. This
X))y e EB(D).

,X),B') € E(T). We have |X| = t;, B' € 8;, B' C B,
€ Sp, such that (i,B,X)(gr) = (i,(B)9,X™). It suffices

Hence,

such that (i, B/, X)(g ) = (i,

implies that (B ( ), (i, B,
Finally suppose ((i, B

and p; g(B’) = X. Let 7 'm

to show that p; go((B’)9) = X™. But this follows directly from the definition of the

permutation g'. 0
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For g € G define g* € Sym(Q*) via
N e Gl G )

and let G* = {¢* | g € G}.
CrAM 4.10. For every g,h € G it holds that (gh)* = g*h*.

Proof. Looking at the definition it is not difficult to see that g"'hl’ = (gh)' for all
g,h € G. From this we immediately get that (gh)* = g*h*. d

Hence, G* forms a_group and the mapping ¢: G — G*: g — g* is a group
isomorphism. So G* € I'y by Lemma 2.4.

CramM 4.11. For every g € G it holds that t9 = v if and only if (p*)g* =p*.

Proof. First suppose there is some g € G such that r9 =y, that is, r(a) = y(a¥)
for all @ € Q. Then t*(«,0) = t(a) = n(a?) = U*(ag,U(gF)) =19*((a,7)9") and hence
(&) ="

For the backward direction assume there is some g* € G* such that (¢*)9 = p*.
Let @ € Q and let ¥ € M be a maximal branch such that « = o(v). Then r(a) =

v (@, 9) = (@ 0)) = v*(as,5)) = y(a?). So’ = . 0
It remains to define the sequence of block systems. Let & = max,cy () dist(vo,v).
Note that k is the length of every maximal branch o € M. For i € {0,...,k} define

B = {{(a, (vo,...,vx)) € Q" |Vj <i:vj =w;} | (wo,...,w;)is a branch of (I',vp) }.

Clearly, B} is invariant under G* and B! ; = B} for all i € [k]. So it only remains
to check that the sequence B¢, ..., B} is almost d-ary. For every B* € BF_,, i € [k],
it holds that
%B7[B]| < max INT(v)],
veV(T): dist(vg,v)=1—1

where NT(v) = {w € N(v) | dist(vo,w) > dist(vo,v)}. Let i € [k] and B* €

¥ 1. Suppose that |BF[B*]| > d. Let (wo,...,w;—1) be the branch of (I",vg) that
corresponds to the block B*. Then |[N*(w;—1)| > d and thus, w;—y = B for some
B € %B;_1 and j € [{], where j ¢ I. Moreover, G?i B] 44 semiregular since property
(A) holds for all B € B;_; and j € [¢], where j ¢ I. But in this case (G*)ﬁi BT s
B1[B*]

permutationally equivalent to a subgroup of ng (Bl and hence the group (G*) 5!
is also semiregular. ]

The previous theorem states that there is an nPolylog(d) _reduction from the string
isomorphism problem for I'y-groups to the string isomorphism problem for groups
where we are additionally given an almost d-ary sequence of invariant partitions.
Hence, in the remainder of this work, we shall be concerned with solving the latter
problem. The basic approach to do this is to adapt the local certificates routine
developed by Babai for his quasipolynomial-time isomorphism test [2].

5. Affected orbits. The basis of Babai’s local certificates algorithm is a group
theoretic statement, the unaffected stabilizers theorem (see [2, Theorem 6]). In the
following we generalize this theorem to our setting. For the proof we roughly follow
the argumentation from [1]. However, on the technical level, several details need to
be changed to allow for the treatment of the semiregular operations allowed in our
setting.
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LEMMA 5.1 (cf. [1, 27]). Let G < Ky x --- x Ky be a subdirect product and let
p: G — S be an epimorphism where S is a non-abelian simple group. Furthermore
let m;: G — K, be the projection to the ith component and M; = ker(m;). Then there
is some i* € [€] such that M;+ < ker(p).

LEMMA 5.2. Let G be a group, H, K A G and suppose ¢: G — S is an epimor-

phism where S is a non-abelian simple group. Furthermore suppose that HY = K¥ =
S. Then (HNK)? =S5.

Proof. Let N = ker(p). Suppose that (HNK)¥ # 5. Since HNK <G and S is
a simple group we conclude that (H N K)? = {1}, that is, HN K < N.

Now let s1, 82 € S be two arbitrary elements. Then there are h € H, k € K such
that ¢(h) = 51 and (k) = so. Moreover, n := h™'k~*hk € HN K < N since H <G
and K < G. Note that hk = khn. But then

s152 = p(h)p(k) = p(hk) = p(khn) = o(k)p(h)p(n) = sas1.

Since s1, 82 € S were chosen arbitrarily it follows that S is abelian. 0

LEMMA 5.3 (see [1, Lemma 8.3.1]). Let G < Sy be a transitive group and ¢: G —
Ay an epimorphism where k > max{8,2 + log, d}. Then G # Ay, for all o € [d].

LEMMA 5.4. Let G < Sym(Q) be a transitive group and suppose there is an almost
d-ary sequence of invariant partitions {Q} = By = -+ = B, = {{a} | @ € Q}.
Furthermore let k > max{8,2+log, d}, and let p: G — Ay be an epimorphism. Then
G¢ # Ay, for all a € Q.

Proof. We prove the statement by induction on the cardinality of G. Let K =
G(2,) be the normal subgroup stabilizing the block system B; and N = ker(¢p).
Observe that N is a maximal normal subgroup of G (N < G is a maximal normal
subgroup of G if and only if the quotient group G/N is simple; here G/N is isomorphic
to G¥ = Ay). Hence, it holds that K < N or (K, N) = KN = G.

First suppose K < N. Then ¢ factors across G — G21 LA Ag. Observe that
is an epimorphism since ¢ is an epimorphism. Suppose |B;| < d. Then, by Lemma
5.3, for every B € B, it holds that (G®1)% # A;. Hence, G¥ < G% # Ay, where
B € B, is the unique set such that o € B. Otherwise G®! is semiregular and hence
(G‘Bl)}é = {1} # A, for all B € By. Again, G¥ < G5 # Ay, where B € B; is the
unique set such that a € B.

So consider the case that KN = G, that is, K¥ = Aj. Suppose toward a contra-
diction that there is some « € € such that G¥ = Ay. Pick B € B, such that a € B.
In particular, G% = Aj.

CLAIM 5.5. GfB) # Ayg.

Proof. Assume toward a contradiction that GZ"B) = Aj. Then, by Lemma 5.2,
KéaB) = (G(B) QK)(‘O = Ay, since G(B) 4G, K<4Gp and K% = Ay.

On the other hand, let Q1,...,8; be the orbits of K. Let m;: K — Sym({;) be
the restriction of K to Q;, K; = im(mw;), and M; = ker(w;). By Lemma 5.1 there is
some ¢ € [{] such that M; < N. Since G acts transitively on the blocks {Q,...,Q}
the groups M;, i € [{], are conjugate subgroups in G and therefore M; < N for
all ¢ € [¢(]. Pick i* € [¢] such that @ € Q;«. Since M;» < N the epimorphism
ol : K — Ay factors across K as K K. A A;. Hence, sz = Ag. Moreover,
B1[Q=] = -+ = B,,[Q;+] is an almost d-ary sequence of partitions for K;«. By the
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induction hypothesis it follows that (K;<)¥ # Ay and thus K¢ # Aj. But this is a

contradiction since K (“OB) < K¢. |
Since GfB) < GY, it follows G‘(PB) = {1}. So ¢|g, factors across Gp — GE Y% A

Moreover, ¢|g, factors across G, — G5 ¥, Ay, where ¥' = 9|gs. Overall this
means (GB)Y = Ay, and (GB)¥ = (GB)Y" = A;. But this contradicts the induction
hypothesis since B1[B] = -+ = B,,[B] is an almost d-ary sequence of GB-invariant
partitions and G5 is transitive. 0

The following lemma shows that we can drop the assumption of G being transitive
in Lemma 5.4 if we are only looking for some element o € € such that G¢ # Ay.

LEMMA 5.6. Let G < Sym(Q2) be a group and suppose there is an almost d-ary
sequence of G-invariant partitions {Q} = By = -+ = B, = {{a} | « € Q}. Fur-
thermore let k > max{8,2 + log, d}, and let ¢: G — Ay, be an epimorphism. Then
G¢ # Ay, for some a € Q.

Proof. Let Q1,...,Q be the orbits of G and let m;: G — Sym(£;) be the restric-
tion of G to Q;. Let G; = im(m;) and M; = ker(m;). By Lemma 5.1 there is some
i € [0] such that M; < ker(y). So ¢ factors across G; as G =% G A Ap. It follows that
G;/’ = Ai. Now let o € ;. Note that B[] = -+ = B,,[€] forms an almost d-ary

sequence of Gj-invariant partitions. Thus by Lemma 5.4 it follows that (G;)¥ # Ay
and thus G¥ # Ay. |

For a set A we denote by Alt(A) the alternating group acting with its standard
action on the set A. Moreover, we refer to the groups Alt(A) and Sym(A) as the
giants where A is an arbitrary finite set.

DEFINITION 5.7 (Babai [2]). Let G < Sym(2). A homomorphism p: G — Sy, is
a giant representation if G¥ > Ay. In this case an element « € Q) is affected by ¢ if
G% % Ag.

Remark 5.8. Let ¢: G — S be a giant representation and suppose o € € is
affected by ¢. Then every element in the orbit a@ is affected by . We call a“ an
affected orbit (with respect to ¢).

With this definition we can now state the generalization of the unaffected stabi-
lizers theorem (see [2, Theorem 6]).

THEOREM 5.9. Let G < Sym(f2) be a permutation group and suppose there is an
almost d-ary sequence of G-invariant partitions {Q} = Bg = -+ = B, = {{a} |a €
O}. Furthermore let k > max{8,2+log, d} and ¢: G — S}, be a giant representation.
Let D C ) be the set of elements not affected by ¢. Then GS(DD) > Ayg.

Proof. First suppose that G¥ = Ay. The set D is G-invariant (cf. Remark 5.8).
Let ¢: G — Sym(D) be the restriction of G to D. Observe that ker(y)) = G(py. So
G(py < G and hence, GfD) < G¥ = Ag. Assume toward a contradiction that GfD) +

Aj. Then GZ"D) =1, that is, G(p) < ker(y). So ¢ factors across H := G¥ < Sym(D)

as G 5 H 5 A,. Note that Bo[D] = -+ = B,,[D] forms an almost d-ary sequence
of H-invariant partitions. It follows that H? = A; and hence Hf # A for some
a € D by Lemma 5.6. But G¥ = H? = Aj, since a € D is not affected, which is a
contradiction.

So consider the case that G¥ = Sy, and let G’ = p~1(Ag). Let ¢’ = p|g. Let
D’ be the set of points not affected by ¢'. We argue that D’ = D. We have D' C D
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because G¥ > (G!)¥ for all o € 2. Now suppose there is some o« € D\ D’. Then
G¢ > A, (GL)? < Ay and |GE : (G)?]| < 2. Overall, this gives us a subgroup of
Ay of index 2. But such a subgroup would be a normal subgroup contradicting the
fact that Ay is simple. So D’ = D. Then, by the previous case, GfD) > (G’)‘("[,)) =

(G)ipy > Ar. 0
We also use Babai’s affected orbit lemma, which does not need to be adapted to
our setting.

THEOREM 5.10 (see [2, Theorem 6(b)]). Let G < Sym(Q2) be a permutation gro-
up and suppose p: G — Sk is a giant representation for k > 5. Suppose A C Q is an
affected orbit of G (with respect to ¢). Then every orbit of ker(y) in A has length at
most |Al/k.

6. Local certificates. In this section we adapt the local certificates technique
developed in [2] to our setting using the generalization to the unaffected stabilizers
theorem presented in the previous section (Theorem 5.9). As before the basic argu-
mentation and also the notation follows [1]. Besides an adaptation to our setting, the
main difference is a more precise analysis of the running time which is required for
our overall analysis.

6.1. Algorithm. Let G < Sym(f2) be a permutation group and let r: @ — X
be a string. Furthermore let ¢: G — Sy be a giant representation. For a set T' C [k]
let Gy = (pil((th)T) and G(T) = @*1((G@)(T)).

Since our notation may be getting hard to trace here, as an example, let us
disassemble it for one of the groups appearing in the next definition: ((Autg,(x))?)”.
We start from the group G < Sym(€2). With the homomorphism ¢ we map it to
G¥ < S}, acting on the set [k]. Then we take the setwise stabilizer of the set T' C [k]
and obtain the subgroup G¥ < S;. We pull back to 2 via ¢! and obtain the
subgroup Gr = ¢ 1(G#7) < Sym(f2). We move on to the subgroup Aute,.(r) and,
once more, transfer it back to [k] via ¢ to obtain (Autg,(r))? < Si. The set T is
invariant with respect to this group, so the group also acts on T'. This, finally, gives
us ((Autg, (r))?)T < Sym(7T). What makes this complicated is the going back and
forth between Q and [k]. But this interplay between the two sets, or rather the groups
acting on these sets, is crucial for the overall reasoning.

DEFINITION 6.1. A set T C [k] is full if ((Autg,(r))?)T > Alt(T). A certificate
of fullness is a subgroup K < Autg,.(r) such that (K¥)T > Alt(T). A certificate of
nonfullness is a nongiant M < Sym(T) such that ((Autg,.(x))?)T < M.

Let W C Q be G-invariant and let n: £ — X be a second string. Recall that
1ol (r,0) = {g € G | Va € W: () = 9(a?)} and Autl¥ (5) = Isol¥ (5,).

For H < G we define Aff(H,¢) ={a € Q| HY # Ai}. Note that for H; < Hy <
G it holds that Aff(Hy,¢) 2 Aff(Ha, ¢).

Finally, recall that n always denotes the size of the permutation domain €.

LEMMA 6.2. Let r: Q — X be a string, let G < Sym(Q) be a group, and suppose
there is an almost d-ary sequence of G-invariant partitions {Q} = Bg > -+ = B, =
{{a} | a € Q}. Furthermore suppose there is a giant representation p: G — Sy and
let T C [k] be a set of size |T'| =t > max{8,2 + log, d}.

Then there are natural numbers ny,...,ng < n/2 such that Zle n; < n and, for
each i € [£] using at most t! recursive calls to string isomorphism over domain size
n; and O(t! - n) additional computation, one can decide whether T is full or not and
generate a corresponding certificate.
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Algorithm 2. The LocalCertificates algorithm.

Input: G < Sym(Q), r: @ = X, and ¢: G — Si with k£ > max{8,2 + log, d}. There
exists an almost d-ary sequence of G-invariant partitions {Q} = By = -+ = B,,, =

{{a} | a € 2}
Output: nongiant M < Sj, with (Autg(r))¥ < M or K < Autg(r) with K¢ > Ay.

1: GO =G

2: Wy = 1]

3:1:=0

4: while GY > Ay, and W; # Aff(G,, ¢) do
5: Wi+1 = AH(G“ gﬁ)

6: i*+1 = Wi+1 \ W;

7: if W7 ,| < 3/Q| then

8: Gi+1 = Autg/iHl (x)

9: else

10: Gi+1 =0

11: N :=ker(p|g,)

12: for g € GY do

13: compute § € p~1(g)
14: G'H—l = Gi+1 U Aut¥;+l (P)
15: end for

16: end if

17: i:=i4+1

18: end while

19: if GZO 2 Ak then
20: return GY
21: else
22: return (G;)o\w,)
23: end if

Proof. Without loss of generality assume T' = [k]. Otherwise, we can compute
the group G and restrict the image of ¢ to the set T.

Consider Algorithm 2. The algorithm computes, for increasing windows Wy C
W1 C Wy C ..., the group G; of permutations that respect the input string ¢ on the
window W;, that is, G; = Autg" (¥) = Autgi_’i1 (r), where W} = W,;\ W;_1. Note that
G; < Gi—1 and W; 1 DO W; for i > 1 (initially W7 # @ since by Lemma 5.6 at least
one point has to be affected). The algorithm stops when the current group GY is not
a giant or the window stops growing.

Let ¢* be the value of the variable ¢ at the end of while-loop. Furthermore let
W = W;.. Note that {W; |1 < j <i*} forms a partition of the set V.

We first show the correctness of the algorithm. For every 0 < 5 < ¢* it holds that
Autg(r) < G; < G. We distinguish two cases. First suppose that Gf. # Ai. Then GY.
forms a certificate of nonfullness. Otherwise G. > Ay and W = Aff(G;+,¢). Note
that By, ...,B,, forms an almost d-ary sequence of invariant partitions for the group
Gy (cf. Observation 4.2). So ((Gi+)@\w))? > Ag by Theorem 5.9. Furthermore, it
is easy to check that G« respects the string ¢ on all positions in W; for all 0 < j <4*.
Hence, (Gi-)\w) < Autg(r) because it respects all positions within W and fixes all
other positions.

It remains to analyze the running time of the algorithm. Again we distinguish two
cases. First suppose |[W7| < n/2 for all j € [i*]. Then, for each j € [i*], the algorithm
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makes one recursive call to string isomorphism over domain size |W}| < n/2 (line 8)
and 3 e WS < [W] < n. Otherwise there is a unique j* € {0,...,4" — 1} such
that (W} ;| > n/2. Let N = ker(y|g,.). Since all elements in W7, are affected
by ¢ with respect to G it holds that every orbit of N in W ; has size at most
[W.1]/k by Theorem 5.10. Since G¥. < Sy, for each orbit the algorithm makes
at most k! calls to string isomorphism where the domain is restricted to exactly this
orbit (line 14). (Recall the assumption T = [k], which implies ¢! = k!.) Additionally,
for every j € [i*],j # j* + 1 there is one recursive call to string isomorphism over
domain size |W|. ad

6.2. Comparing local certificates.

LEMMA 6.3. Let r1,r2: Q — X be two strings, let G < Sym(Q2) be a group, and
suppose there is an almost d-ary sequence of G-invariant partitions {Q} = By =~
<= B, = {{a} | @ € Q}. Furthermore suppose there is a giant representation
¢: G — Sk. Let Th, Ty C [k] be sets of equal size t = |T1| = |Tz| > max{8, 2 + log, d}
and suppose 11 is not full.

Then there are natural numbers ny,...,ny < n/2 such that Zle n; < n and, for
each i € [€] using t! recursive calls to string isomorphism over domain size n; and
O(tIn®) additional computation, one can compute a nongiant group M < Sym(T})
and a bijection o: Ty — Ty such that

)
(6.1) {g¢|T1 g € Isog(r1,r2) A Tl(g ) = T2} C Mo.

Moreover, the set of bijections Mo is canonical for the two test sets (w.r.t. r1,52,G
and the giant representation ).

Here, canonical means that given additional test sets 77,7y C [k] such that T] =
T? for some g € Autg(ri) for both ¢ € {1, 2}, the algorithm computes a set M’c”’ such
that (Mo)? = M'o’.

Proof. Consider Algorithm 3. First suppose toward a contradiction there is some
i such that W1 = W;. Then ((Gi)@\w,))¥ = Alt(T1) by Theorem 5.9. Furthermore
(Gi)@\w;) < Autg(x). Together this implies that (Autg,, (r))¥ > Alt(Ty) contradict-
ing the fact that 73 is not full.

So the algorithm terminates and returns a nongiant group M < Sym(77) and a
bijection o: Ty — T, with the desired properties. The complexity analysis is com-
pletely analogous to Lemma 6.2.

Finally, the canonicity of the set of bijections Mo follows from the fact that in
each iteration the set of affected points is canonically defined. |

6.3. Aggregating local certificates. Let G < Sym(Q2) be a group. The sym-
metry defect of G is the minimal ¢ € [n] such that there is a set A C Q of size
|A| = n — ¢ such that Alt(A) < G (the group Alt(A) fixes all elements of Q\ A). In
this case the relative symmetry defect is t/n.

For any relational structure 20 we define the (relative) symmetry defect of A to
be the (relative) symmetry defect of its automorphism group Aut(2().

THEOREM 6.4 (cf. [12, Theorem 5.2 A,B]). Let A, < S < S,, and suppose n. > 9.
Let G < S and r < n/2. Suppose that |S : G| < (f) Then the symmetry defect of G
is strictly less than r.

Using the inequality (Ln7 4 J) > ( LRHW)M/ 4 > 1 V2" we get the following corol-
lary.
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Algorithm 3. The ComparelLocalCertificates algorithm.

Input: G < Sym(Q), 11,12: Q@ = %, v: G = S, and T1,Ty C [k] of size t >
max{8,2 + log, d}. There exists an almost d-ary sequence of invariant partitions
{Q}=Bg > =B, ={{a} | a € Q} and T} is not full.

Output: non-giant group M < Sym(77) and bijection o: T7 — T» such that

{g*"|T1 g € Isog(r1,r2) A Tl(gSQ) = T2} C Mo.

1: compute og € G such that Tl(g‘f) =Ty
2: Gg := GT1

3: Wy = ]

4: 1:=0

5: ¥: Gop — Sym(T7) homomorphism obtained from ¢ by restricting the image to Ty
6: while G¥ > Alt(T}) do

7 Wi+1 = AH(GZ, w)

8: W:;l = WH—I \ W;

9: if W7 ,| < 119/ then

10: Gi+10i+1 = ISOg/:;r: (;7 l))

11: else

12 Gi-i—l =

13: N :=ker(y|g,)

14: £:=0

15: for g € G;ﬁ do

16: compute g € ¥~ 1(g)

17: Hhy := ISOK{;;i (r,9)

18: (=041

19: end for
20: Gi+10i+1 = Uj§€ Hjhj
21: end if

22: 1:=1+4+1
23: end while
24: return (Gzp, (e))|)

COROLLARY 6.5. Let A, < S8 < S,, and suppose n > 24. Let G < S and suppose
the relative symmetry defect of G is at least 1/4. Then |S : G| > (4/3)™.

LEMMA 6.6. Let r1,r2: Q@ — X be two strings, G < Sym(f) be a group and

suppose there is an almost d-ary sequence of G-invariant partitions {Q} = By =~

<= B, = {{a} | « € Q}. Furthermore suppose there is a giant representation
¢: G — Si. Let max{8,2+log,d} <t < k/10.

Then there are natural numbers £ € N and nq,...,n; < n/2 such that Zle n; <
E°®n and, for each i € [€] using a recursive call to string isomorphism over do-
main size n;, and k°“n¢ additional computation, one obtains for i = 1,2 one of the
following:

1. a family of r < kS many t-ary relational structures ; ;, for j € [r], associated
with t;, each with domain D;; C [k] of size |D;;| > 2k and with relative
symmetry defect at least % such that
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{9[1,1» e ,Qll,r}W(g) = {mQ,lv e 79[2,7} for every g € ISOG(Il»&)a

or
2. a subset A; C [k] associated with t; of size |A;| > %k‘ and K; < AutGA% (i)
such that (K7)? > Alt(A;) and

Af(g) = Ay for every g € Isoc(zf17lf2)~

The proof is completely analogous to the proof of [2, Theorem 24], replacing the
methods to compute the local certificates. Note that colorings and equipartitions of
a subset of [k] can be viewed as relational structures. For the sake of completeness a
full proof of the lemma is given in Appendix A.

Next we describe how we use the two possible outcomes of the previous lemma
to make progress.

LEMMA 6.7. Suppose option 1 of Lemma 6.6 is satisfied, yielding a number r < kS
and relational structures A, ; for i € [2],j € [r]. Then there are subgroups H; < G
and elements h; € Sym(QY) for j € [r] such that

1. |G?: HT| > (4/3)% for all j € [r], and
2. 11 =g x2 if and only if t1 Zp;n, x2 for some j € [r], and given representations
for the sets Isop;n,; (x1,x2) for all j € [r] one can compute in polynomial time
a representation for Isoc(x1, r2).
Moreover, given the relational structures U; ; for all i € [2] and j € [r], the groups H;
and elements h; can be computed in time k18R Ine for some constant c.

Proof. Let D, ; C [k] be the domain of 2; ; for all ¢ € [2] and j € [r]. Let
A1 =21 and D1 = D; 1. Now define

Hihj ={g € G| (D)) =Dy A(g%)|p, €Iso(A1, A ;)}.

Using the quasipolynomial-time isomorphism test from [2] the set Iso(;, 2z ;) can
be computed in time k9*“(1°85)) for some constant ¢ (first translate the relational
structures into two graphs of size k°® (see, e.g., [28]) and then apply the isomorphism
test from [2] to the resulting graphs). Hence, the groups H; < G and elements
hj € Sym(Q) can be computed within the desired time bound. Moreover

Tsoc(r1,82) = | J Tsom,n, (r1,12).
JElr]

Finally observe that the symmetry defect of HY is at least 1. S0 |G¥: HY| > (4/3)F
by Corollary 6.5. ]

Remark 6.8. The proof of the previous lemma is the only place where we use
Babai’s quasipolynomial-time isomorphism test [2] as a black box.

LEMMA 6.9. Suppose option 2 of Lemma 6.6 is satisfied. Then there is a number
r € {1,2}, a subgroup H < G, and elements h; € Sym(Q) for j € [r] such that
1. |G?: H?| > (4/3)%, and
2. 11 =g x2 if and only if v1 Zpyn, 2 for some j € [r], and given representations
for the sets Isopn, (x1,2) for all j € [r] and a generating set for K1 one can
compute in polynomial time a representation for Isog(r1,re).
Moreover, given the sets A; for all i € [2], the group H and the elements h; can be
computed in polynomial time.
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Proof. Let H = G(a,) (recall that Gy = 9071((G<'D)(T)) for T C [k]). Let g € G
such that A?w = Ay and T € G, such that (7%)?1 is a transposition. Now define
hi = g and hy = 7g. Then r1 =¢ 1o if and only if x; =g, ro since (Ki")Al > Alt(Ay).
Moreover, if Gjg; = Isomn;(r1,12), then Isog(r1,x2) = Uj:LQ(Kl,Gj)gj. Finally,
|G¥ : H?| > | Alt(Ay)| > (4/3)F. 0

7. String isomorphism. We are now ready to formalize our algorithm. We
shall need the following result characterizing the obstacle cases for efficient Luks
reduction.

LEMMA 7.1 (cf. [1, Theorem 3.2.1]). Let G < Sq be a primitive group of order
|G| > d'T'°ed where d is greater than some absolute constant. Then there is a poly-
nomial time algorithm computing a normal subgroup N < G of indez |G : N| < d, an
N-invariant equipartition B, and a giant representation ¢: N — Sy, where k > logd
and ker(p) = Np).

LEMMA 7.2. Let G < Sym(Q)) be transitive and let r,n: Q — ¥ be two strings.
Moreover, suppose there is an almost d-ary sequence of G-invariant partitions {Q} =
Bo > - = By = {{a} | « € Q} such that |B1| < d. Then there are natural
numbers £ € N and ny,...,ng < n/2 such that Zle n; < 90((log d)*) and, using a
recursive call to string isomorphism over domain size at most n; for each i € [{] and
dOWoe)*)ne gdditional computation, one can compute Isoc(x,v).

Proof. Let B = B; and let P = G® be the induced action of G on the partition
8. Without loss of generality suppose P is primitive (otherwise replace 8 with a block
system of smaller size). First suppose |P| < d'*1°¢<. Then the statement immediately
follows by standard Luks reduction. Otherwise let N < P be the normal subgroup
computed by Lemma 7.1 and let € be the corresponding partition and ¥: N — S
the giant representation. Observe that &k < d since N < P < Sym(B) and |B| < d.
Let G'={g€G|g® € N}. Alsolet ¢ ={{a €Q|IB € C:ac B}|C e ¢}. Note
that € is G'-invariant. Since |G : G'| < d it suffices to prove the statement for the
group G'. Let ¢: G' — Si,: g = (g®)¥. Note that ¢ is a giant representation and
(G")(ery = ker(p). Let t = max{9,3 + logd}. In case k < 10t the statement follows
again by standard Luks reduction (in this case |G’ : (G')(e)| = |G" : ker(p)| < k! <
20((log d)2)). So suppose max{8,2 + logd} < t < k/10. In this case the requirements
of Lemma 6.6 are satisfied.

Using Lemma 6.6, 6.7, and 6.9 we can reduce the problem (using additional
recursive calls to string isomorphism over domain size at most n/2) to at most k%
instances of H-isomorphism over the same strings r, y for groups H < G’ with [(G')? :
H?| > (4/3)F. Applying the same argument to these instances of H-isomorphism and
repeating the process until we can afford to perform standard Luks reduction gives our
desired algorithm. It remains to analyze its running time, that is, we have to analyze
the number of times this process has to be repeated until we reach a group that is
sufficiently small to perform standard Luks reduction. Toward this end, we analyze
the parameter k£ of the giant representation and show that it has to be reduced in
each round by a certain amount. Recall that our algorithm performs standard Luks
reduction as soon as k < 10t.

Consider the recursion tree of the algorithm (ignoring the additional recursive calls
to string isomorphism over domain size at most n/2 for the moment). Recall that €’ is
G’-invariant and thus it is also H-invariant. In case H is not transitive it is processed
orbit by orbit. Note that there is at most one orbit of size greater than n/2 that has to
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be considered in the current recursion (for the other orbits additional recursive calls
to string isomorphism over domain size at most n/2 suffice and these recursive calls
are ignored for the moment). Let ¢’: H' — Sj be the giant representation computed
on the next level of the recursion where H’ is the projection of H” to an invariant
subset of the domain for some H” < H (if no giant representation is computed, then
the algorithm performs standard Luks reduction and the node on the next level is a
leaf). Observe that [(H")¥'| > (kT/)' because (H')¢ > Ay and H{e/y < ker(¢'). Also

note that [H'| < ﬁ since ker(¢) = G/g/) by Lemma 7.1. So

A
> =B

Hence,
(4/3)k <2. 2(k—k’)logk < (4/3)3(k—k’)logk

since k is sufficiently large. So

k
!/
Rsk- 3logk’
It follows that the height of the recursion tree is O((logd)?). Thus, the number of
nodes of the recursion tree is bounded by d€((log 4)%) = 20((log d)*) By Lemmata 6.6,
6.7, and 6.9 each node of the recursion tree makes recursive calls to string isomor-
phism over domain sizes n; < n/2 where Y, n; < 20((og D*)p, and uses additional
computation d®(1°gD)Ine for some constant c. Putting this together, the desired
bound follows. d

THEOREM 7.3. Let G < Sym(Q)) be a permutation group and let r,n: Q@ — X
be two strings. Moreover, suppose there is an almost d-ary sequence of G-invariant
partitions {Q} = Bo = -+ = B, = {{a} | a € Q}. Then one can compute Isog(r,v)
in time n@(1°8 D) for an absolute constant c.

Proof. Consider Algorithm 4. The algorithm essentially distinguishes between
two cases. If the input group G is not transitive or the action of G on the block system
B is semiregular, the algorithm follows Luks algorithm recursively computing the set
Isog(xr,n). In the other case G is transitive and [B1]| < d and hence we can apply
Lemma 7.2 to recursively compute Isog(x, ).

Clearly, it computes the desired set of isomorphisms. The bound on the running
follows from Lemma 2.8. Note that the bottleneck is the type of recursion used in
Lemma 7.2. Also observe that every group H, for which the algorithm performs a
recursive call, is the projection of a subgroup of G to an invariant subset of the domain.

Hence, by restricting the partitions Bg, ..., B,, to the domain of H one obtains a
sequence of partitions for the group H with the desired properties (cf. Observation
4.2). d

Combining Theorems 4.7 and 7.3 we obtain the main technical result of this work.

THEOREM 7.4. Let G < Sym(Q) be a Ty-group and lett,9: QL — X be two strings.
Then there is an algorithm deciding whether r =g v in time n®(1°8 D) for an absolute
constant c.

Proof. Using orbit-by-orbit processing we can assume that the group G is transi-
tive. For a transitive group the statement follows by first applying Theorem 4.7 and
then Theorem 7.3. O
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Algorithm 4. String isomorphism algorithm.

Input: G < Sym(Q2) a fd—group, t,h: Q — X two strings and an almost d-ary se-
quence of G-invariant partitions {Q} = By > -+ = B, = {{a} |« € Q}.

Output: Isog(x, ).

1: if G is not transitive then

2 compute orbits Qq, ...,

3 recursively process group orbit by orbit > restrict partitions to orbits

4 return Isog(r,n)

5: else

6 if G®1 is semiregular then

7

8

9

apply standard Luks reduction > restrict partitions to orbits of G ()
return Isos(x, 9)
else > assumptions of Lemma 7.2 are satisfied
10: apply Lemma 7.2
11: return Isog(z, )
12: end if
13: end if

8. Applications.

8.1. Isomorphism for graphs of bounded degree. Using the improved al-
gorithm for string isomorphism we can now prove the main result of this work using
the following well-known reduction.

THEOREM 8.1 (see [24, 6]). There is a polynomial-time Turing reduction from the
graph isomorphism problem for graphs of mazimum degree d to the string isomorphism
problem for T g-groups (the running time of the reduction does not depend on d).

The reduction follows [24] using an additional trick presented in [6, section 4.2]
to remove the dependence of the running time on d.

Combining this reduction with the improved algorithm for string isomorphism,
we get the desired algorithm for isomorphism tests of bounded degree graphs.

THEOREM 8.2 (Theorem 1.1 restated). The isomorphism problem for graphs of
mazimum degree d can be solved in time n®(1°8D°) for an absolute constant c.

Proof. This follows from Theorems 7.4 and 8.1. ]

8.2. Isomorphism for relational structures and hypergraphs. For the
second application of Theorem 7.4 consider the isomorphism problem for relational
structures.

THEOREM 8.3. Let A = (D,R), A = (D,R') be relational structures where
R,R' C Dt are t-ary relations. Then one can decide whether 2 is isomorphic to
A" in time n®¢ 1081 ywhere n = |D|.

Proof. Let r: D' — {0,1} be the string with g(ai,...,a;) = 1 if and only if
(a1,...,a;) € R. Similarly define the string ¢': D' — {0,1} for the relation R’. Now
let G = Sym(D)(D ") be the symmetric group over the set D with its natural action on
t-tuples. Then 2l is isomorphic to 2" if and only if ¢ is G-isomorphic to ¢'. Moreover,
G € T,. Hence, by Theorem 7.4, one can decide in time n®* (96 whether 1 is
G-isomorphic to ¢’. 1]

In many cases this leads to a better running time than first translating the struc-
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ture into a graph and then applying Babai’s algorithm to test whether the two result-
ing graphs are isomorphic. In particular, in case the arity ¢ is large and also the size
of the relation is large our method gives a much better worst-case complexity than
the other approach.

Also note that as a special case the same running time can be obtained for hy-
pergraphs if ¢ is the maximal hyperedge size. This also improves on previous results
(see, e.g., [4]).

COROLLARY 8.4. Let H = (V, &), H' = (V,&') be two hypergraphs such that every
hyperedge E € EUE’ has size |E| < t. Then one can decide whether H is isomorphic
to H' in time n®t1e™)) ywhere n = |V|.

9. Concluding remarks. We have obtained a new graph isomorphism test with
a running time bounded by a polynomial of degree polylogarithmic in the maximum
degree of the input graphs. Technically, this result relies on some heavy group theory,
new_combinatorial tricks that allow us to reduce the string isomorphism problem
for I'y groups to a setting where we have an “almost d-ary” sequence of invariant
partitions controlling the operation of the groups, and a refinement of the techniques
introduced by Babai [2] for his quasipolynomial-time isomorphism test.

We hope that the machinery we have developed here will have further applica-
tions and ultimately even lead to an improvement of Babai’s isomorphism test. More
immediate applications may be obtained for the isomorphism problem under restric-
tions of other parameters than the maximum degree. For example, we conjecture
that there also is an isomorphism test running in time n®((1°8%)°) where k is the tree
width of the input graphs. We remark that the results established in this work have
already been used in [15] to obtain an improved fixed-parameter tractable algorithm
for isomorphism testing parameterized by tree width.

Another related problem that we leave open is whether the graph isomorphism
problem parameterized by the maximum degree of the input graphs is fixed-parameter
tractable.

Appendix A. Aggregating local certificates. We give a proof for Lemma
6.6.

DEFINITION A.l. A group G < Sym(RQ) is t-transitive if its natural induced action
on the set of n(n—1)...(n—t+ 1) ordered t-tuples of distinct elements is transitive.
The degree of transitivity d(G) is the largest t such that G is t-transitive.

THEOREM A.2 (classification of finite simple groups). Let G < Sym(Q) be a
nongiant group. Then d(G) < 5.

A slightly weaker statement, namely d(G) < 7 for all nongiants permutation
groups, can be shown using only Schreier’s hypothesis (see [12, Theorem 7.3A]).

LEMMA A.3 (cf. [1, Corollary 2.4.13]). Let T be a nontrivial reqular graph. Then
the relative symmetry defect of T' is at least 1/2.

LEMMA A.4 (Lemma 6.6 restated). Let r1,r2: Q@ — X be two strings, let G <
Sym(f2) be a group, and suppose there is an almost d-ary sequence of G-invariant
partitions {Q} = By = --- = B, = {{a} | a € Q}. Furthermore suppose there is a
giant representation ¢: G — Si. Let max{8,2 4 log, d} <t < k/10.

Then there are natural numbers £ € N and nq,...,n; < n/2 such that Zle n; <
K°®n and, for each i € [€] using a recursive call to string isomorphism over
domain size n;, and k°®Mn¢ additional computation, one obtains for i = 1,2 one
of the following:
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1. a family of r < k% many t-ary relational structures ; ;, for j € [r], associated
with t;, each with domain D, ; C [k] of size |D; ;| > %k and with relative
symmetry defect at least % such that

{2[1,17 e ,Q[l_yr}tp(g) = {91271, e 7Q’[277‘} fOT‘ every g S ISOG(xl,;Q),

or
2. a subset A; C [k] associated with t; of size |A;| > 3k and K; < Autg,, (ri)
such that (K¥)2 > Alt(A;) and

Af(g) = Ay for every g € Isog(r1,12).

Proof. For every t-element subset T C [k] determine whether T is full (with
respect to r;) and compute a corresponding certificate using Lemma 6.2. Let F; <
Sym(£2) be the group generated by the fullness certificates for all full subsets T' C [k]
with respect to string r;. Note that the group F; is canonical. Let S; C [k] be the
support of F;’ (the set of elements not fixed by F}”).

First suppose ik < |8 < %k‘. Then one obtains a canonical structure 2; with
domain [k] and relative symmetry defect at least 1 by coloring each element o € [k]
depending on whether a € S;.

Next suppose |S;| > %k. We distinguish between three subcases. First assume
there is no orbit of Fy’ of size at least k. Then the partition into the orbits of F’
gives a canonical structure 2(; with domain [k] and relative symmetry defect at least
1. So assume there is a (unique) orbit C' C [k] of size C' > 2k. If (F")¢ > Alt(C),
then the second option of the lemma is satisfied. Hence suppose (F;°)¢ is not a
giant. By Theorem A.2 the degree of transitivity satisfies d((F/)¢) < 5. Let I C C
be an arbitrary set of size d((F;?)¢) — 1 and individualize the elements of I. Then
(Ff)(c}/) is transitive, but not 2-transitive, where C' = C'\ I. Note that the number

of possible choices for the set I is at most k*. Now let X; = (C’, Ry,..., R,) be the
orbital configuration of (F;”)y on the set C’, that is, the relations R; are the orbits
of (Fy)(r) in its natural action on C’ x C’. Note that r > 3 since (Ff)(cl,) is not 2-
transitive. Also observe that the numbering of the R; is not canonical (isomorphisms
may permute the R;). Without loss of generality suppose that R; is the diagonal.
Now individualize one of the R; for ¢ > 2 at a multiplicative cost of r — 1 < k — 1.
If R; is undirected (i.e., R; = R; 1), then it defines a nontrivial regular graph. Since
the symmetry defect of this graph is at least 1/2 (see Lemma A.3) this gives us the
desired structure. Otherwise R; is directed. If the out-degree of a vertex is strictly
less (]C'| —1)/2, then the undirected graph T' = (C’, R; U R; ') is again a nontrivial
regular graph. Otherwise, by individualizing one vertex (at a multiplicative cost of
|C’| < k), one obtains a coloring of symmetry defect at least 1/2 by coloring vertices
depending on whether they are an in- or an out-neighbor of the individualized vertex.

Finally suppose |S;| < k. Let D; = [k] \ S;. Indeed it can be assumed that
|D1| = |D2| > %k. Observe that every T' C D; is not full with respect to the string
ti. Let D, = D; x {i} (to make the sets disjoint).

Consider the following category £. The objects are the pairs (T',¢), where T' C D;
is a t-element subset. The morphisms (T,i) — (7”,4") are the bijections computed
in Lemma 6.3 for the test sets T and 7" along with the corresponding strings.
The morphisms define an equivalence relation on the set (D})® U (D), where
(D})® denotes the set of all ordered t-tuples with distinct elements over the set Dy,
Let Ry,..., R, be the equivalence classes and define R;(i) = R; N (D}){. Then
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A; = (D}, Ry1(3),...,R.(i)) is a canonical t-ary relational structure. Moreover, the
symmetry defect of 2, is at least |D;| — ¢+ 1 > |D;|/4. d

(5]

[7]

(8]
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